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Devwudfw

Zh frqvlghu wkh sureohp ri prghoolqj wkh ghshqghqfh ehwzhhq �qdqfldo pdunhwv1 Lq �qdqfldo hfrqrplfv/
wkh fodvvlfdo wrro lv wkh Shduvrq +ru olqhdu fruuhodwlrq, wr frpsduh wkh ghshqghqfh vwuxfwxuh1 Zh vkrz wkdw
wklv frh!flhqw grhv qrw jlyh d suhflvh lqirupdwlrq rq wkh ghshqghqfh vwuxfwxuh1 Lqvwhdg/ zh sursrvh d
frqfhswxdo iudphzrun edvhg rq frsxodv1 Wzr dssolfdwlrqv duh sursrvhg1 Wkh �uvw rqh frqfhuqv wkh vwxg|
ri h{wuhph ghshqghqfh ehwzhhq lqwhuqdwlrqdo htxlw| pdunhwv1 Wkh vhfrqg rqh frqfhuqv wkh dqdo|vlv ri wkh
Hdvw Dvldq fulvlv1

4 Lqwurgxfwlrq

Wklv sdshu lv uhodwhg wr vrph uhfxuuhqw frqfhuqv lq wkh hfrqrplf dqg �qdqfldo olwhudwxuhv1 Lq wkh iruphu rqh/ lw
lv olqnhg wr wkh qrwlrq ri frqwdjlrq ehwzhhq lqwhuqdwlrqdo pdunhwv/ dqg lq sduwlfxodu wkh sursdjdwlrq ri �qdqfldo
fulvhv ehwzhhq qhljkerxulqj frxqwulhv dqg wkhlu uhshufxvvlrq rq hfrqrplf dfwlylw|1 Vxfk frqfhuq kdv uhfhqwo|
jdlqhg lqfuhdvhg lqwhuhvw lq ylhz ri wkh hphujlqj pdunhwv fulvhv lq wkh qlqhwlhv1 Lq wkh odwwhu rqh/ lw lv olqnhg wr
wkh qrwlrqv ri ulvn dqg sruwirolr glyhuvl�fdwlrq1 Lq uhfhqw |hduv/ ulvn pdqdjhphqw phwkrgv vxfk dv YdU ru wkh
hqodujhphqw ri �qdqfldo lqwhjudwlrq wr d eurdghu vfrsh ri frxqwulhv kdyh uhqhzhg wkh lqwhuhvw lq wkhvh wrslfv1

Erwk olwhudwxuhv phhw lq wkhlu uhtxluhphqw wr prgho wkh ghshqghqfh ehwzhhq �qdqfldo pdunhwv1 Zlwk yhu|
ihz h{fhswlrqv/ wkh hpslulfdo wuhdwphqw ri wklv sureohp uhvwv rq vwdqgdug vwdwlvwlfdo wrrov dqg2ru vwdqgdug
hfrqrphwulf phwkrgv +uhjuhvvlrq phwkrgv/ wlph vhulhv phwkrg/ glfkrwrprxv prghov/ txdqwloh uhjuhvvlrqv,1 D
frpprqo| xvhg wrro lv wkh vwdqgdug +Shduvrq, fruuhodwlrq frh!flhqw1 Rqh ri wkh sxusrvh ri wklv sdshu lv wr
dujxh wkdw wkh xvh ri wklv wrro fdq ohdg wr yhu| plvohdglqj lqihuhqfh lq wklv frqwh{w1 D zhoo0nqrzq uhdvrq +vhh h1j1
Er|hu/ Jlevrq/ Oruhwdq ^4<<<` ru Iruehv dqg Uljrerq ^4<<<`, lv wkdw lw lv qrw urexvw wr khwhurvnhgdvflw|
+l1h1 wkh idfw wkdw yrodwlolw| lv wlph0ydu|lqj,1 Dv zh vkdoo ehorz/ rwkhu uhdvrqv fdq eh lqyrnhg wr eh grxewixo
derxw dqdo|vlv edvhg rq wkh Shduvrq fruuhodwlrq frh!flhqw1

Uhfhqwo|/ Vwudhwpdqv ^4<<<`/ Vw�dulf�d ^4<<<` dqg Orqjlq dqg Vroqln ^5333` kdyh sursrvhg wr uho| rq
h{wuhph ydoxh wkhru| +HYW,/ dqg hvshfldoo| rq pxowlyduldwh wrrov dvvrfldwhg zlwk wklv olwhudwxuh/ wr dqdo|vh
ghshqghqfh ehwzhhq �qdqfldo pdunhwv1 Dv dq h{whqvlrq/ wklv sdshu uholhv rq wkh qrwlrq ri frsxodv zklfk
jhqhudol}hv wkhlu dssurdfk dqg lv udwkhu qhz lq wklv frqwh{w +vhh krzhyhu Hpeuhfkwv/PfQhlo dqg Vwudxpdqq
^4<<<` ru Erx|ì/ Gxuuohpdq/ Qlnhjkedol/ Ulerxohw dqg Urqfdool ^5333`,1 Lq eurdg whupv/ d frsxod fdq
eh gh�qhg dv wkh ghshqghqfh ixqfwlrq ehwzhhq udqgrp yduldeohv1 Pruh suhflvho|/ lw fdq eh vhhq dv d ixqfwlrq
wkdw olqnv xqlyduldwh pdujlqdov wr wkhlu ixoo pxowlyduldwh glvwulexwlrq1 Zkloh wkh| zhuh lqwurgxfhg lq 4<8</
wkh olwhudwxuh rq frsxodv/ dqg hvshfldoo| wkh vwxg| ri wkhlu vwdwlvwlfdo surshuwlhv dqg wkhlu dssolfdwlrqv/ rqo|
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ghyhorshg lq uhfhqw |hduv1 Wkh pdlq sxusrvh ri wklv sdshu lv wr lqwurgxfh d frqfhswxdo iudphzrun edvhg rq
frsxodv iru wkh dqdo|vlv ri wkh ghshqghqfh ehwzhhq �qdqfldo pdunhwv1 Ixuwkhupruh/ zh sursrvh wzr dssolfdwlrqv1
Wkh �uvw rqhv frqfhuqv wkh vwxg| ri h{wuhph ghshqghqfh ehwzhhq lqwhuqdwlrqdo htxlw| pdunhwv1 Wkh vhfrqg rqh
frqfhuqv wkh dqdo|vlv ri wkh Hdvw0Dvldq fulvlv1

Wkh od|rxw ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 rshudwhv d olwhudwxuh uhylhz rq wkh ghshqghqfh ehwzhhq
�qdqfldo pdunhwv zlwk vshfldo hpskdvlv rq hpslulfdo phwkrgv1 Vhfwlrq 6 r�huv lqwurgxfwlrqv wr frsxodv dqg
pxowlyduldwh h{wuhph ydoxh wkhru| dqg sursrvh d qhz vwdwlvwlfdo iudphzrun edvhg rq frsxodv1 Ixuwkhupruh/ lw
suhvhqwv looxvwudwlrq ri wkh dvvrfldwhg wrrov zlwk dq dssolfdwlrq wr wkh lqwhudfwlrqv ehwzhhq wkuhh pdmru vwrfn
lqgh{hv +FDF 73/ Grz Mrqhv dqg Qlnnhl,1 Vhfwlrq 7 suhvhqwv wkh dssolfdwlrq wr wkh dqdo|vlv ri wkh Dvldq fulvlv1
Vhfwlrq 8 frqfoxghv wkh duwlfoh1

5 Olwhudwxuh uhylhz rq wkh ghshqghqfh ehwzhhq �qdqfldo pdunhwv

Wkh sxusrvh ri wklv vhfwlrq lv wr uhylhz wkh olwhudwxuh rq wkh ghshqghqfh ehwzhhq �qdqfldo pdunhwv1 Dv wklv
olwhudwxuh lv yhu| odujh/ lw rqo| uhfdoov wkh pdlq wrslfv dqg uhvxowv zklfk hphujh iurp lw1 Wkh lqwhuhvwhg uhdghu
lv lqylwhg wr frqvxow flwhg duwlfohv dqg uhihuhqfhv wkhuhlq1 Ixuwkhupruh/ zh yroxqwdulo| ljqruh duwlfohv zklfk uho|
rq HYW dv wkh| duh dqdo|}hg pruh ixoo| lq wkh qh{w vhfwlrq1

Dv ghvfulehg lq wkh lqwurgxfwlrq/ wkh olwhudwxuh fdq eh vhsdudwhg lq wzr +exw qrw uhdoo| glvwlqfw, sduwv1
Wkh �uvw rqh dqdo|vhv wkh fruuhodwlrq ehwzhhq �qdqfldo pdunhwv zlwk d uhjdug wr wkh qrwlrqv ri sruwirolr
glyhuvl�fdwlrq dqg �qdqfldo lqwhjudwlrq1 Wkh vhfrqg rqh lv pruh hfrqrplf lq qdwxuh dqg uholhv rq wkh qrwlrq ri
frqwdjlrq gxulqj �edodqfh ri sd|phqwv fulvhv�1

514 Fruuhodwlrq ehwzhhq �qdqfldo pdunhwv

Lqwhuqdwlrqdo �qdqfldo pdunhw lqwhudfwlrqv kdyh ehhq zlgho| vwxglhg1 Wklv olwhudwxuh lv pdlqo| hpslulfdo1 Lq0
ghhg/ wkh irxqgdwlrqv ri wkh edfnjurxqg wkhru| kdyh ehhq odlg grzq vlqfh wkh vl{wlhv dqg ghdo zlwk sruwirolr
glyhuvl�fdwlrq dqg2ri lqwhuqdwlrqdo �qdqfldo pdunhwv lqwhjudwlrq1 Wklv zd|/ wkh hpslulfdo olwhudwxuh lv ruljl0
qdoo| frqfhuqhg zwk wkh orqj uxq uhodwlrqvklsv ehwzhhq pdunhwv ru dvvhwv1 Uhfhqwo|/ krzhyhu/ hpslulfdo zrun
kdv hyroyhg wrzdugv wkh dqdo|vlv ri wkh vkruw whup lqwhudfwlrq ehwzhhq �qdqfldo pdunhwv rq wkh edvlv ri kljk
iuhtxhqf| gdwd +gdlo| ru lqwud0gdlo|,1 Pruhryhu/ vrph vwxglhv whqg wr frqfhqwudwh rq fhuwdlq shulrgv dqg/ lq
wklv fdvh/ rq h{wuhpho| yrodwloh shulrgv1 Wklv rulhqwdwlrq kdv ehhq prwlydwhg e| vwxglhv vxfk dv Orqjlq dqg
Vroqln ^4<<8` zklfk/ rq wkh edvlv ri orqj whup dqdo|vlv/ kdyh qrwhg wkdw lqwhudfwlrqv ehwzhhq �qdqfldo pdunhwv
whqg wr eh kljkhu lq yrodwloh shulrgv ru/ vlpso|/ rq wkh revhuydwlrq wkdw vkrfnv lq rqh pdunhw whqg wr sursdjdwh
txlfnhu zkhq wkh| duh odujh +h1j1 d vwrfn pdunhw nudfk,1

Prvw ri wklv hpslulfdo olwhudwxuh4 uholhv rq vwdqgdug hfrqrphwulf dqg vwdwlvwlfdo phwkrgv dssolhg wr pxowl0
yduldwh uhwxuqv ru yrodwlolw| phdvxuhv +devroxwh ru vtxduhg uhwxuqv,1 Iru lqvwdqfh/ wkh wrrov xvhg lq wkhvh vwxglhv
idoo lq rqh ri wkh iroorzlqj fdwhjrulhv= olqhdu uhjuhvvlrqv dqg2ru ohdg0odj furvv0fruuhodwlrqv +Hxq dqg Vklp
^4<<3`/ Nlqj dqg Zdgkzdql ^4<<3`/ Ehfnhu hw do1 ^4<<6`/ Vxvpho dqg Hqjoh ^4<<6`/ Ohh dqg Nlp ^4<<6`/
Nripdq dqg Pduwhqv ^4<<:`/ Nduro|l dqg Vwxo} ^4<<9`,/ txdqwloh uhjuhvvlrqv +Judqjhu dqg Vklq ^5333`,/
Yhfwru Dxwruhjuhvvlrqv +YDU, +yrq Ixuvwhqehuj dqg Mhrq ^4<;<`,/ JDUFK ru vlplodu iudphzrun +Fkrx hw
do1 ^4<<7`/ Kdpdr hw do1 ^4<<3`/ Olq hw do1 ^4<<7`,/ frlqwhjudwlrq phwkrgv +Orqjlq dqg Vroqln ^4<<8`/ Fkrx
hw do1 ^4<<7`/ Fdvklq hw do1 ^4<<8`,1 Suhylrxvo| flwhg vwxglhv frqfhqwudwh rq vwrfn pdunhw lqwhudfwlrqv dv grhv
prvw ri wkh olwhudwxuh/ qrwdeoh h{fhswlrqv ehlqj Hqjoh dw do1 ^4<<3` rq iruhljq h{fkdqjh pdunhwv dqg Hgzdugv
^4<<;` rq erqgv pdunhwv1 Lq vrph fdvhv/ vshfldo dwwhqwlrq lv jlyhq wr fulvhv +hvshfldoo| wkh 4<;: vwrfn pdunhw
nudfk, exw prvw ri wkh wlphv/ vxfk hpslulfdo zrun lv ghglfdwhg wr wkh dqdo|vlv ri uhodwlrqvklsv ehwzhhq pdunhwv
luuhvshfwlyh ri zkhwkhu wkh| duh lq wxuprlo ru qrw1

4Dv zh vkdoo vhh ehorz/ wzr qrwdeoh h{fhswlrqv duh Vwudhwpdqv ^4<<<` dqg Orqjlq dqg Vroqln ^5333`1
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Lq wklv sdshu/ zh lqwurgxfh d frqfhswxdo iudphzrun zklfk zdqghu iurp vwdqgdug phwkrgv dqg doorzv wr
vwxg| gl�huhqfhv lq lqwhudfwlrqv ehwzhhq pdunhwv frqglwlrqdo| rq wkhlu vwdwh +yrodwloh ru qrw, lq d qdwxudo zd|1

515 Frqwdjlrq dqg �edodqfh ri sd|phqwv� fulvlv

Wkh uhfhqw �qdqfldo fulvlv lq hphujlqj pdunhwv dqg/ deryh doo/ wkh idfw wkdw wkh| kdyh klw vhyhudo frxqwulhv
doprvw dw wkh vdph wlph kdv ohg wr dq lqfuhdvhg lqwhuhvw lq wkh qrwlrq ri frqwdjlrq1 Wkh sxusrvh ri wklv vhfwlrq
lv wr jlyh dq ryhuylhz ri wkhruhwlfdo dqg hpslulfdo olwhudwxuhv rq �edodqfh ri sd|phqwv� fulvhv dqg frqwdjlrq1
Pruh ghwdlohg ghvfulswlrqv fdq eh irxqg lq uhfhqw duwlfohv +vhh h1j1 Iruehv dqg Uljrerq ^5333`/ Pdvvrq
^4<<</ 5333`/ Fodhvvhqv/ Gruqexvfk dqg Sdun ^5333`,1

Reylrxvo|/ wklv olwhudwxuh lv qdwxudoo| olqnhg wr wkh suhylrxv vxevhfwlrq rqh1 Krzhyhu/ lw grhv ghsduw iurp
lw dv lw fohduo| frqfhqwudwhv rq fulvlv shulrgv +dqg sduwlfxoduo| h{fkdqjh udwh fulvhv dqg fdslwdov  ljkwv/ vr wkh
whup �edodqfh ri sd|phqwv fulvhv�, dqg lw lv prwlydwhg e| eurdg hfrqrplf h{sodqdwlrqv ri wkh skhqrphqd +qrw
mxvw lqwhuqdwlrqdo glyhuvl�fdwlrq,1

51514 Wkhruhwlfdo olwhudwxuh

Wkh qrwlrq ri frqwdjlrq vkdoo eh d txlwh suhflvh rqh1 Krzhyhu/ lq wkh olwhudwxuh/ lw lv riwhq frqixvhg zlwk
wkh eurdghu whup ri lqwhuqdwlrqdo sursdjdwlrq ri vkrfnv1 Iruehv dqg Uljrerq lqwurgxfh dq xvhixo glvwlqfwlrq
ehwzhhq qrq0fulvlv0frqwlqjhqw wkhrulhv dqg fulvlv0frqwlqjhqw wkhrulhv51

Qrq0fulvlv0frqwlqjhqw wkhrulhv uhihu wr wkh lqwhuqdwlrqdo sursdjdwlrq ri vkrfnv zlwkrxw dvvxplqj wkdw wkh
wudqvplvvlrq phfkdqlvpv kdyh fkdqjhg diwhu wkh lqlwldo vkrfn1 Lq rwkhu whupv/ wkhvh wkhrulhv uhihu wr fdvhv zkhuh
wkh wudqvplvvlrq lv zhoo irxqghg rq hfrqrplf olqndjhv ehwzhhq d�hfwhg frxqwulhv dqg2ru rq vljqdo h{wudfwlrq
iurp lqyhvwruv1 Wklv dssurdfk kljkoljkwv irxu pdlq fkdqqhov= wudgh vslooryhuv/ �qdqfldo olqndjhv/ frpprq
h{whuqdo idfwruv dqg ohduqlqj1

� Wudgh vslooryhuv frph iurp wkh idfw wkdw zkhq d frxqwu| idfhv d vljql�fdqw ghsuhfldwlrq ri lwv fxuuhqf|/
rwkhu frxqwulhv fdq vx�hu iurp d orvw ri frpshwlwlyhqhvv uhodwlyh wr wkh fulvlv frxqwu|/ erwk lq elodwhudo
wudgh dqg lq wklug0frxqwu| pdunhwv1 Ixuwkhupruh/ li wkh h{fkdqjh udwh fudvk ohdgv wr d grzqwxuq lq
hfrqrplf dfwlylw| lq wkh fulvlv frxqwu|/ wkh dvvrfldwhg lqfrph h�hfwv ixuwkhu ghsuhvv wkh h{sruwv ri wudgh
sduwqhuv1 Wklv phfkdqlvp lv irupdol}hg lq Jhuodfk dqg Vphwv ^4<<8` dqg vrph hpslulfdo vxssruw iru lw
lv irxqg lq Hlfkhqjuhhq/ Urvh dqg Z|sorv} ^4<<9` dqg Jolfn dqg Urvh ^4<<;`1

� Ilqdqfldo olqndjhv fdq lqgxfh sursdjdwlrq ri vkrfnv zkhq lqyhvwruv duh frqgxfwhg wr uhedodqfh wkhlu
sruwirolrv diwhu wkh lqlwldo vkrfn1 Lqyhvwruv duh lqgxfhg wr oltxlg wkhlu srvlwlrq lq rwkhu frxqwulhv iru ulvn
pdqdjhphqw +li dvvhwv iurp erwk frxqwulhv2}rqhv duh srvlwlyho| fruuhodwhg, ru oltxlglw| +wr fryhu orvvhv ru
pdujlq fdoov vx�huhg lq wkh �uvw frxqwu|, sxusrvhv1 Wklv dssurdfk kdv ehhq h{soruhg e|/ lqwhu dold/ Edlj
dqg Jrogidmq ^4<<<`/ Exvvlëuh dqg Pxoghu ^4<<<` ru Ydogëv ^4<<9`1

� Frpprq h{whuqdo idfwruv +�prrqvrqdo h�hfwv�/ Pdvvrq ^5333`, duh pdlqo| gh�qhg dv pdmru hfrqrplf
vkliwv lq lqgxvwuldo frxqwulhv wkdw wuljjhu fulvhv lq hphujlqj pdunhwv1 Iru lqvwdqfh/ vxfk frpprq vkrfnv
lqfoxgh d ulvh lq zruog +ru X1V1, lqwhuhvw udwhv/ fkdqjhv lq elodwhudo h{fkdqjh udwhv ehwzhhq wkh pdmru zruog
hfrqrplfv/ vorzgrzq lq zruog djjuhjdwh ghpdqg1 Zkloh pdlqo| lqghshqghqw ri fulvlv frxqwulhv*srolflhv/
wkhvh vkrfnv fdq d�hfw dv|pphwulfdoo| wkhvh frxqwulhv/ ghshqglqj rq ydulrxv idfwruv vxfk dv h{srvxuh
wr iruhljq fxuuhqf| eruurzlqj/ vl}h ri wkh jryhuqphqw ghew ru lqh!flhqflhv lq wkh edqnlqj v|vwhp1 Dv
h{dpsohv ri vxfk frpprq vkrfnv/ wkh lqfuhdvh ri lqwhuhvw udwhv lq wkh Xqlwhg Vwdwhv lq wkh hduo| hljkwlhv
ru wkh dssuhfldwlrq ri wkh X1V1 groodu djdlqvw wkh |hq kdyh iuhtxhqwo| eh flwhg dv pdmru idfwruv lq wkh ghew
fulvlv ru wkh Dvldq fulvlv uhvshfwlyho|1

5 Lq vrph uhvshfwv/ wkh glvwlqfwlrq lv edvhg rq wkh wudglwlrqdo rssrvlwlrq lq wkh olwhudwxuh rq edodqfh ri sd|phqwv fulvhv ehwzhhq
�uvw jhqhudwlrq prghov +ã od Nuxjpdq ^4<:<`, zklfk sxw hpskdvlv rq ghwhulrudwlqj ixqgdphqwdov dqg vhfrqg jhqhudwlrq prghov
+ã od Revwihog ^4<;9`, zklfk sxw hpskdvlv rq vhoi0ixo�oolqj h{shfwdwlrqv1
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� Ohduqlqj dujxhv wkdw d fulvlv lq rqh frxqwu| fdq vhuyh dv d �zdnh0xs fdoo� +Jrogvwhlq ^4<<;`, zklfk
lqgxfhv lqyhvwruv wr uhhydoxdwh wkhlu vhqwlphqw dqg2ru ulvn dyhuvlrq wrzdugv frxqwulhv zlwk vlplodu pdfurh0
frqrplf vwuxfwxuhv dqg srolflhv1 Iru h{dpsoh/ li d frxqwu| idlov lq uhdvrq ri d zhdn edqnlqj v|vwhp ru
�qdqfldo yxoqhudelolwlhv/ lqyhvwruv frxog uhhydoxdwh wkhlu mxgjhphqw ri wkh edqnlqj dqg �qdqfldo v|vwhpv
lq rwkhu frxqwulhv dqg dgmxvw wkhlu h{shfwhg suredelolwlhv ri d fulvlv dffruglqjo|1 Zkloh suh0vkrfn ehkdylru
ri lqyhvwruv vhhpv wr eh luudwlrqdo dv wkh| xqghuhvwlpdwh zhdnqhvvhv ri wkh frxqwu|/ wkh srvw0vkrfn eh0
kdylru dsshduv udwlrqdo dv lw lv mxvwl�hg e| d vljqdo h{wudfwlrq dssurdfk +Nrguhv dqg Sulwvnhu ^4<<<`,1
Pruhryhu/ wkh suh0vkrfn ehkdylru fdq eh lqgxfhg e| glvvlpxodwlrq ri lqirupdwlrq zklfk suhfoxghv uhdolvwlf
shufhswlrq ri wkh ixqgdphqwdov1

Fulvlv0frqwlqjhqw wkhrulhv uhihu wr wkh lqwhuqdwlrqdo sursdjdwlrq ri vkrfnv zlwk wkh dvvxpswlrq wkdw wkh
wudqvplvvlrq phfkdqlvpv kdyh fkdqjhg diwhu wkh lqlwldo vkrfn1 Lq rwkhu whupv/ wkhvh wkhrulhv uhihu wr fdvhv zkhuh
wkh wudqvplvvlrq lv qrw mxvwl�hg e| hfrqrplf dqg �qdqfldo ixqgdphqwdov ru uhdo olqndjhv ehwzhhq pdunhwv1 Lq
wklv shuvshfwlyh/ hyhq frxqwulhv zlwk vrxqg ixqgdphqwdov ru plqru vwuxfwxudo sureohpv fdq eh d�hfwhg/ rqo|
ehfdxvh ri wkh vhoi0ixo�oolqj h{shfwdwlrqv ri lqyhvwruv1 Wklv dssurdfk kljkoljkwv wkuhh pdlq h{sodqdwlrqv= khug
ehkdylru/ pxowlsoh htxloleuld dqg hqgrjhqrxv oltxlglw| vkrfnv1

� Fdoyr ^4<<9` suhvhqwv d prgho lq zklfk joredo lqyhvwruv duh vxemhfw wr khug ehkdylru/ gxh wr d odfn
ri suhflvh lqirupdwlrq vhhnlqj1 Jlyhq wkdw lw lv frvwo| wr ghyhors suhflvh prqlwrulqj dqg ixqgdphqwdo
hydoxdwlrq ri hdfk pdunhw/ lw lv rswlpdo +jlyhq wkdw wkh| duh xqliruphg, wr uxq dzd| vlpxowdqhrxvo| iurp
d jurxs ri pdunhwv zkhq vrph sureohpv dsshdu lq rqh ri wkhp1

� Pxowlsoh htxloleuld rffxuv zkhq d fulvlv lq rqh frxqwu| lv xvhg dv d vxqvsrw iru rwkhu frxqwulhv +vhhPdvvrq
^5333` iru d irupdol}dwlrq,1 Vpdoo wuljjhuv lq d frxqwu| fdq dfw dv d suhflslwdwlqj idfwru zklfk lqgxfhv
d frruglqdwlrq ri lqyhvwru*v h{shfwdwlrqv rq wkh edg htxloleulxp iru rwkhuv frxqwulhv1 Wkh vkliw iurp
wkh jrrg wr wkh edg htxloleulxp lv vroho| gulyhq e| d fkdqjh lq lqyhvwru eholhiv zlwkrxw dq| fkdqjh lq
xqghuo|lqj ixqgdphqwdov1

� Ilqdoo|/ Fdoyr ^4<<<` sursrvhv d prgho ri hqgrjhqrxv oltxlglw| vkrfnv lq suhvhqfh ri dv|pphwulf lqirupd0
wlrq1 Zkhq lqiruphg wudghuv duh klw e| sxuh oltxlglw| vkrfnv/ xqlqiruphg rqhv fdqqrw glvwlqjxlvk zkhwkhu
vhoov frph iurp oltxlglw| vkrfnv ru edg vljqdo duulylqj1 Lq rwkhu zrugv/ wkh| whqg wr ryhu0lqwhusuhw vpdoo
+sxuho| whfkqlfdo, sulfh fkdqjhv1

51515 Hpslulfdo olwhudwxuh

Wkh dqdo|vlv ri fxuuhqf| fulvhv dqg wkhlu sursdjdwlrq kdv jhqhudwhg d orw ri hpslulfdo olwhudwxuh1 Dv rqh ri wkh
sulpdu| remhfwlyh ri wklv sdshu lv wr lqwurgxfh d qhz vwdwlvwlfdo iudphzrun/ zh uhylhz wkh hpslulfdo olwhudwxuh
iurp wkh phwkrgrorjlfdo ylhzsrlqw udwkhu wkdq iurp wkh uhvxowv wkhpvhoyhv1 Pruhryhu/ zh h{foxgh wkh hpslulfdo
dqdo|vlv ri wkh Dvldq fulvlv zklfk lv vshfl�fdoo| uhylhzhg lq wkh vhfwlrq 71 Edvlfdoo| zh fdq frqvlghu wkuhh
fodvvhv ri phwkrgv= wlph vhulhv dqg uhjuhvvlrq phwkrgv/ glfkrwrprxv prghov dqg vwdqgdug vwdwlvwlfdo dqdo|vlv
ri vxevdpsohv frpsdulvrqv1

Dv qrwhg ehiruh/ hpslulfdo dssurdfk jurxqghg rq wlph vhulhv dqg uhjuhvvlrq phwkrgv duh yhu| riwhq whvwv ri
pdunhw lqwhjudwlrq lq wkh vdph wlph wkdw wkh| duh whvwv ri frqwdjlrq1 Wklv dssurdfk kdv ehhq vxuyh|hg lq wkh
sdudjudsk 5141

Glfkrwrprxv prghov wdnh wkh irup ri surelw prghov ri wkh suredelolw| ri d fulvlv lq rqh frxqwu| ru uhjuhvvlrq
lqyroylqj d glvfuhwh ydoxh hqgrjhqrxv yduldeoh +4 iru fulvlv/ 3 hovhzkhuh,1 Wklv nlqg ri phwkrgrorj| +dv dovr
wkh vwdqgdug vwdwlvwlfdo dqdo|vlv, qhhg wr gh�qh d fulvlv shulrg1 Wklv fdq eh grqh lq wzr pdlq zd|v1 Wkh �uvw
vroxwlrq lv wr �ohw wkh gdwd vshdn wkhpvhoyhv� dqg wr dgrsw dq dojrulwkp wr lghqwli| fulvlv1 Iru h{dpsoh/ zh
fdq gh�qh wkh ehjlqqlqj ri wkh fulvlv dv d wlph zlqgrz lqvlgh zklfk fxuuhqflhv ru vwrfn pdunhw uhwxuqv +ru d
zhljkwhg dyhudjh ri uhwxuqv dqg pdfurhfrqrplf yduldeohv vxfk dv lqwhuqdwlrqdo uhvhuyhv, duh ehorz d fhuwdlq
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iudfwloh ri wkhlu rzq glvwulexwlrq1 Vhfrqg/ zh fdq fkrrvh wkhvh shulrgv lq dq lqirupdo zd|/ edvhg rq qhzvsdshu
uhsruwv1

Lq jhqhudo fdvhv/ glfkrwrprxv prghov wu| wr lqihu wkh uhodwlrqvkls ehwzhhq wkh hyroxwlrq ri ixqgdphqwdov
+uhdo h{fkdqjh dssuhfldwlrq/ udwlr ri eurdg prqh| wr lqwhuqdwlrqdo uhvhuyhv/ udwlr ri fxuuhqw dffrxqw gh�flw wr
JGS/ hwf, dqg wkh suredelolw|2rffxuuhqfh ri wkh fulvhv +vhh h1j1 Ndplqvn| hw do1 ^4<<:`/ Ehuj dqg Sdwloor
^4<<;`,1 Wkh| ehfrph pruh gluhfw dqdo|vlv ri frqwdjlrq zkhq wkh| lqwhjudwh wkh srvvlelolw| wkdw wkh rffxuuhqfh
ri wkh fulvlv lq rqh frxqwu| d�hfw wkh suredelolw| ri d fulvlv rffxuulqj lq rwkhu frxqwulhv +diwhu frqwuroolqj iru
ixqgdphqwdov,1 Hlfkhqjuhhq/ Urvh dqg Z|sorv} ^4<<9` irxqg vxfk lqwhuuhodwlrqvkls lq wkh fdvh ri wkh
HUP fulvlv ri 4<<504<<61 Xvlqj d odujhu sdqho/ Ndplqvn| dqg Uhlqkduw ^4<<;` dovr irxqg hylghqfh ri vxfk
lqwhudfwlrq6/ hvshfldoo| zkhq frxqwulhv duh orfdwhg lq wkh vdph jhrjudsklfdo uhjlrq/ d skhqrphqrq zklfk lv
olqnhg wr wudgh olqndjhv7 e| Jolfn dqg Urvh ^4<<;`1 Dkoxzdold ^5333` vkrzv wkh uhohydqfh iru wkh hphujlqj
pdunhwv fulvhv ri wkh qlqhwlhv +Ph{lfr/ Vrxwkhdvw Dvld dqg Uxvvld, ri ydulrxv frqwdjlrq lqglfdwruv/ lqfoxglqj
rqh iru wkh �zdnh0xs fdoo� k|srwkhvlv1

Vwdqgdug vwdwlvwlfdo dqdo|vlv ri vxevdpsohv frpsdulvrqv lv xvxdoo| grqh e| frpsdulqj furvv0fruuhodwlrqv
ehwzhhq d vxevdpsoh gh�qhg dv d fulvlv shulrg dqg dqrwkhu vxevdpsoh gh�qhg hlwkhu dv qrq0fulvlv shulrg ru
dv d wrwdo vdpsoh +l1h1 lqfoxglqj wkh fulvlv shulrg,1 Wkh xqghuo|lqj prwlydwlrq lv vlpsoh = li furvv0fruuhodwlrqv
vljql�fdqwo| lqfuhdvh lq wkh fulvlv shulrg/ wkhq lw lv hylghqfh ri frqwdjlrq1 Krzhyhu/ vxfk dq dssurdfk fdq eh
plvohdglqj dv +vwdqgdug, fruuhodwlrq lv qrw d urexvw vwdwlvwlfv iru wkh lghqwl�fdwlrq ri ghshqghqfh1 D zhoo0nqrzq
uhdvrq +vhh Er|hu/ Jlevrq dqg Oruhwdq ^4<<<`/ Iruehv dqg Uljrerq ^4<<</ 5333`, lv wkdw lw lv qrw urexvw wr
khwhurvnhgdvwlflw| zkloh vxfk d skhqrphqrq lv reylrxvo| suhvhqw lq wkh gdwd vlqfh d fulvlv shulrg lv e| gh�qlwlrq
d pruh yrodwloh rqh1 Khqfh/ Iruehv dqg Uljrerq ^4<<</ 5333` sursrvh dq dgmxvwhg khwhurvnhgdvwlf frqvlvwhqw
fruuhodwlrq irupxod1 Lq wklv sdshu/ zh dujxh wkdw wkhuh duh ghhshu uhdvrqv wr eh fduhixo zlwk uhvxowv edvhg rq
fruuhodwlrq hvwlpdwhv1 Lq wklv zd|/ wkh dgmxvwphqw sursrvhg e| Iruehv dqg Uljrerq fdq rqo| pdujlqdoo| doorz
wr rewdlq urexvw uhvxowv1 Wklv srlqw zloo eh glvfxvvhg pruh ixoo| lq wkh qh{w vhfwlrq1

6 D qhz iudphzrun edvhg rq frsxodv

614 D eulhi lqwurgxfwlrq wr frsxodv

Frsxodv kdyh ehhq lqwurgxfhg e| Vnodu ^4<8<` wr vwxg| suredelolvwlf phwulf vsdfhv1 Wkh| kdyh ehhq uhglvfryhuhg
rq vhyhudo rffdvlrqv e| vwdwlvwlfldqv lq wkh vhyhqwlhv +vhh Ghkhxyhov ^4<:;`/ Jdodperv ^4<:;` dqgNlphogrui
dqg Vdpsvrq ^4<:8`,1 Krzhyhu/ wkh �uvw vwdwlvwlfdo dssolfdwlrqv ri frsxodv dsshdu rqo| lq wkh plggoh ri wkh
hljkwlhv1 Lq wklv sdudjudsk/ zh dgrsw d vlpsol�hg srlqw ri ylhz wr suhvhqw frsxodv/ dqg zh lqylwh wkh uhdghu
wr frqvxow wkh errn ri Qhovhq ^4<<;` wr kdyh d pruh uljrxurxv suhvhqwdwlrq1 Pruhryhu/ zh uhvwulfw wr wkh
wzr0glphqvlrqdo fdvh/ exw jhqhudol}dwlrq wr kljkhu glphqvlrqv lv vwudljkwiruzdug1

Gh�qlwlrq 4 D 50frsxod F lv d elyduldwh xqlirup glvwulexwlrq1

F lv wkhq d ixqfwlrq iurp ^3> 4`5 wr ^3> 4` zlwk srvlwlyh suredelolw| pdvvhv1 Ehfdxvh doo wkh pdujlqv duh xqlirup/
zh kdyh

F +4> x5, @ x5 +4,

F +x4> 4, @ x4 +5,

E| frqvwuxfwlrq/ lw frphv wkdw wkh ixqfwlrq I gh�qhg e|

I +{4> {5, @ F +I4 +{4, >I5 +{5,, +6,

6Vhh dovr Fdudpd}}d hw do1 ^5333`1
7Wkh idfw wkdw fulvhv duh pdlqo| uhjlrqdo kdv ehhq fkdoohqjhg e| wkh wudqvplvvlrq ri wkh uxvvldq �yluxv� wr frxqwulhv olnh Eud}lo

ru wr wkh X1V1 frusrudwh erqgv pdunhw1
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zkhuh Iq lv d xqlyduldwh glvwulexwlrq lv d elyduldwh suredelolw| glvwulexwlrq1 E| gh�qlwlrq/ wkh pdujlqv ri wklv
mrlqw glvwulexwlrq duh I4 dqg I51 Krzhyhu/ wkh pdlq lqwhuhvw ri frsxodv lv vxppdul}hg e| wkh ixqgdphqwdo
wkhruhp ri Vnodu ^4<8<`1

Wkhruhp 5 Ohw I eh dq 50glphqvlrqdo glvwulexwlrq ixqfwlrq zlwk pdujlqv I4 dqg I51 Wkhq/ wkhuh h{lvw doprvw
rqh frsxod vxfk wkdw

I +{4> {5, @ F +I4 +{4, >I5 +{5,, +7,

Pruhryhu/ li wkh pdujlqv duh frqwlqxrxv/ wkh frsxod ixqfwlrq lv xqltxh1

Zkdw lv wkh suredelolvwlf lqwhusuhwdwlrq ri wkh ixqfwlrq FB Gxulqj 53 |hduv/ Vfkzhl}hu dqg Vnodu kdyh
h{soruhg lqwhqvlyho| frsxodv lq wkh iudphzrun ri suredelolvwlf phwulf vsdfhv1 Wkh| kdyh vhhq wkdw wkhuh duh
vrph frqqhfwlrqv ehwzhhq frsxodv dqg udqgrp yduldeohv +vhh Vnodu ^4<:6`,1 Gxulqj d vdeedwlfdo ohdyh lq Lwdo|/
Vfkzhl}hu �qg d sdshu ri Uìq|l ^4<8<` rq phdvxuhv ri ghshqghqfh1 Vfkzhl}hu kdv wkhq wkh lghd wr frqqhfw
frsxodv zlwk phdvxuhv ri ghshqghqfh1 Wkh zrun ri klv Sk1G1 vwxghqw Zro� lv vxppdul}hg lq wkh duwlfoh ri
Vfkzhl}hu dqg Zroii ^4<;4` sxeolvkhg lq Dqqdov ri Vwdwlvwlfv1 Khuh lv d sduw ri wkhlu devwudfw=

Zh vkrz wkdw wkh frsxod ri d sdlu ri udqgrp yduldeohv [/ \ lv lqyduldqw xqghu d1v1 vwulfwo| lqfuhdvlqj
wudqvirupdwlrqv ri [ dqg \ / dqg wkdw dq| surshuw| ri wkh mrlqw glvwulexwlrq ixqfwlrq ri [ dqg \
zklfk lv lqyduldqw xqghu vxfk wudqvirupdwlrqv lv vroho| d ixqfwlrq ri wkhlu frsxod1

Iru h{dpsoh/ wkh| vkrz wkdw wkh Nhqgdoo*v wdx dqg wkh Vshdupdq*v ukr fdq eh zulwwhq lq whupv ri frsxodv1 Ohw
[4 dqg [5 wzr frqwlqxrxv udqgrp yduldeohv zlwk mrlqw glvwulexwlrq I1 Ohw +\4> \5, eh d udqgrp yhfwru zlwk
wkh vdph glvwulexwlrq I lqghshqghqw ri wkh yhfwru +[4> [5,1 Wkh nhqgdoo*v wdx lv gh�qhg dv wkh frqfrugdqfh
suredelolw| plqxv wkh glvfrugdqfh suredelolw| iru wkh wzr yhfwruv +[4> [5, dqg +\4> \5, +Qhovhq/ ^4<<;`,=

� @ Su i+[4 � \4, +[5 � \5, A 3j � Su i+[4 � \4, +[5 � \5, ? 3j +8,

Vfkzhl}hu dqg Zroii ^4<;4` vkrz wkdw dqrwkhu h{suhvvlrq ri wkh Nhqgdoo*v wdx lv

� @ 7

]]
^3>4`5

F +x4> x5, gF +x4> x5,� 4 +9,

zlwk F wkh dvvrfldwhg frsxod ri wkh mrlqw glvwulexwlrq I1 Ohw +]4> ]5, eh d udqgrp yhfwru zlwk glvwulexwlrq
I lqghshqghqw ri wkh yhfwruv +[4>[5, dqg +\4> \5,1 Wkh Vshdupdq*v ukr lv sursruwlrqdo wr wkh frqfrugdqfh
suredelolw| plqxv wkh glvfrugdqfh suredelolw| iru wkh wzr yhfwruv +[4> [5, dqg +\4> ]5, +Qhovhq ^4<<;`,1 Olnh
wkh Nhqgdoo*v wdx/ wkh Vshdupdq*v ukr dgplwv d frsxod uhsuhvhqwdwlrq=

( @ 45

]]
L5

x4x5 gF +x4> x5,� 6 +:,

Qhovhq ^4<<;` vkrz wkdw wkhvh wzr phdvxuhv vdwlvi| wkh d{lrphv ri d phdvxuh ri frqfrugdqfh ri Vfduvlql
^4<;7`1

Zkdw derxw wkh +vwdqgdug, Shduvrq fruuhodwlrq phdvxuhB Lw lv gh�qhg dv

� +[4>[5, @
H ^+[4 � H ^[4`, +[5 � H ^[5`,`s

ydu ^[4` ydu ^[5`
+;,

ru

� +[4> [5, @
4s

ydu ^[4` ydu ^[5`

]]
^3>4`5

^F +x4> x5,� x4x5` gI
�4
4 +x4, gI

�4
5 +x5, +<,
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Wkh Shduvrq fruuhodwlrq fdq qrw eh d ghshqghqfh phdvxuh ri d yhfwru ri udqgrp yduldeohv1 Dv h{sodlqhg e|
Hpeuhfkwv/ PfQhlo dqg vwudxpdqq ^4<<<`/ lw lv d qdwxudo ghshqghqfh phdvxuh rqo| lq wkh fdvh ri wkh
pxowlyduldwh qrupdoo| dqg hoolswlfdoo| glvwulexwlrqv1

Zkloh dqflhqw lq wkh suredelolvwlf grpdlq/ wkh lqwhusuwdwlrq ri frsxodv lq vwdwlvwlfdo whupv dsshduhg odwhu
zlwk Ghkhxyhov ^4<:;` dqg fdq eh vxppdul}hg dv iroorzv = Wkh frsxod ri udqgrp yduldeohv lv lq idfw
wkh ghshqghqfh ixqfwlrq ri wkhvh udqgrp yduldeohv1

Wkhuh duh pdq| frsxod ixqfwlrqv +vhh Mrh ^4<<:` dqg Qhovhq ^4<<;`,1 Zh suhvhqw khuh wzr frsxodv zklfk
fdq eh ri vshfldo lqwhuhvw lq �qdqfldo prghoolqj1 Wkh �uvw rqh lv wkh Qrupdo frsxod/ wkh qrupdo glvwulexwlrq
ehlqj wkh prvw fxuuhqw rqh lq �qdqfh +iru h{dpsoh/ lq sruwirolr wkhru|,1 Ohw � eh wkh Q +3> 4, fxpxodwlyh
ghqvlw| ixqfwlrq dqg �� wkh elyduldwh jdxvvldq fgi zlwk fruuhodwlrq �1 Wkh elyduldwh Qrupdo frsxod lv gh�qhg
e|

F +x4> x5, @ ��
�
��4 +x4, >�

�4 +x5,
�

@

] ��4+x4,

�4

] ��4+x5,

�4

4

5�
s
4� �5

h{s

�
�4

5

�
{5 � 5�{| . |5

4� �5

��
g{g| +43,

Lwv fruuhvsrqglqj ghqvlw| lv8

f +x4> x5, @
4s

4� �5
h{s

�
�4

5

�
)54 � 5�)4)5 . )55

4� �5
� �

)54 . )55
���

+45,

zlwk )q @ ��4 +xq,1 E| gh�qlwlrq/ d elyduldwh qrupdo glvwulexwlrq fruuhvsrqgv wr d Qrupdo frsxod zlwk jdxvvldq
pdujlqv1 Wklv frsxod lv xvhixo/ ehfdxvh zh frxog gh�qh rwkhu glvwulexwlrqv zlwk wkh vdph ghshqghqfh vwuxfwxuh
dv wkh qrupdo glvwulexwlrq zlwk qrq0jdxvvldq pdujlqv1 Wkh vhfrqg vlpsoh frsxod lv wkh Jxpeho rqh/ wkh
xqlyduldwh Jxpeho glvwulexwlrq ehlqj rqh ri wkh wkuhh Jhqhudol}hg H{wuhph Ydoxh glvwulexwlrq1 Dqrwkhu frsxod/
zklfk lv h{whqvlyho| xvhg lq �qdqfh/ lv wkh Jxpeho frsxod1 Ohw � eh d vfdodu sdudphwhu zlwk � � 41 Zh kdyh

F +x4> x5, @ h{s

�
�
k
+� oqx4,

� . +� oqx5,
�
l 4
�

�
+46,

dqg

f +x4> x5, @

+� oqx4 � oqx5,
��4 h{s

�
�
k
+� oqx4,

� . +� oqx5,
�
l 4
�

��k
+� oqx4,

� . +� oqx5,
�
l 4
�

. � � 4

�

x4x5
k
+� oqx4,

� . +� oqx5,
�
l5� 4

�

+47,

Wklv frsxod lv dovr nqrzq xqghu wkh qdph ri wkh orjlvwlf ghshqghqfh ixqfwlrq +Wdzq ^4<;;`, dqg lw kdv uhfhqwo|
ehhq xvhg e| Orqjlq dqg Vroqln ^4<<<` +zkloh wkh| gr qrw h{solflwo| uhihu wr frsxodv,1

Qrupdolw| dvvxpswlrq lv iuhtxhqwo| grqh lq �qdqfh/ ehfdxvh ri wudfwdelolw| dvshfwv1 Krzhyhu/ frsxodv shuplw
hdvlo| wr ohdyh wkh Jdxvvldq zruog1 Lq �jxuh 4/ zh kdyh sorwwhg wkh ghqvlw| ri wkh Qrupdo dqg Jxpeho frsxodv1
Wkh sdudphwhuv kdyh ehhq fkrrvhq vxfk wkdw wkh Nhqgdoo*v wdx lv htxdo wr :3(1 Lq wkh vdph judsk/ zh kdyh
uhsruwhg wkh ghqvlw| ri wkh glvwulexwlrq ri wkh udqgrp yhfwru +[4> [5, zkhuh [4 � Q +3> 4, dqg [5 � Q +3> 5,1
Wr vhh wkh gl�huhqfh ehwzhhq wkh wzr glvwulexwlrqv/ zh kdyh vlpxodwhg 8333 udqgrp qxpehuv ri +[4> [5, zkhq
wkh frsxod lv uhvshfwlyho| Qrupdo dqg Jxpeho +vhh �jxuh 5,1 Zh vhh wkdw wkh wzr elyduldwh vhulhv duh yhu|

8Zh kdyh

S E��c �2� '
Y2� E��c �2�

Y�2
�
Y�2

2

+44,

:



gl�huhqw1 Qrupdolw| dvvxpswlrq frxog wkhq eh zurqj ehfdxvh wkh ghshqghqfh vwuxfwxuh lv qrw Qrupdo1 Exw
lw frxog dovr eh zurqj ehfdxvh wkh pdujlqv duh qrw jdxvvldqv1 Lq �jxuh 6/ zh kdyh vlpxodwhg irxu elyduldwh
vhulhv +\4> \5, zlwk wkh vdph phdqv dqg fryduldqfh pdwul{91 Li zh �w d elyduldwh jdxvvldq glvwulexwlrq/ zh frxog
wkhq frqvlghu wkdw wkh irxu udqgrp yhfwruv kdyh wkh vdph mrlqw glvwulexwlrq$ Wr jlyh dq lghd ri wkh xqghuo|lqj
ghshqghqfh vwuxfwxuh/ zh kdyh sorwwhg wkhlu hpslulfdo xqlirupv1

Iljxuh 4= Sorw ri wkh suredelolw| ghqvlw| ixqfwlrq

Zh hqg wklv sdudjudsk zlwk wkh frpsdulvrq sureohp ri frsxod ixqfwlrqv1 Wkuhh frsxodv sod| dq lpsruwdqw
uroh

F� +x4> x5, @ pd{ +x4 . x5 � 4> 3,

FB +x4> x5, @ x4x5

F. +x4> x5, @ plq +x4> x5, +49,

Zh fdq suryh wkdw iru dq| frsxod F/ zh kdyh

F� +x4> x5, � F +x4> x5, � F. +x4> x5, +4:,

iru doo +x4> x5, lq ^3> 4`51 Pruhryhu/ zh vd| wkdw F4 lv vpdoohu wkdq F5 dqg zulwh F4 ! F5 li F4 +x4> x5, �
F5 +x4> x5, iru doo +x4> x5, lq ^3> 4`5 +vhh vhfwlrq 51; ri Qhovhq ^4<<;`,1 Ohw [ @ +[4> [5, dqg \ @ +\4> \5,

9Ohw Ef�c f2� eh d udqgrp yhfwru1 Et�c t2� lv gh�qhg dv iroorzv=

t� '
f� 3 H df�o

j df�o

t2 ' 4
f� 3 H df�o

j df�o
n
s

�3 42
f2 3 H df2o

j df2o
+48,

Lq wklv h{dpsoh/ 4 lv htxdo wr 31:1

;



Iljxuh 5= Udqgrp qxpehuv ri wkh mrlqw glvwulexwlrq ri wkh udqgrp yduldeohv +[4> [5,

Iljxuh 6= Irxu elyduldwh vhulhv zlwk wkh vdph phdqv dqg wkh vdph fryduldqfh pdwul{

<



Iljxuh 7= Hpslulfdo xqlirupv ri wkh suhylrxv elyduldwh vhulhv

eh wzr udqgrp yhfwruv1 Zh qrwh F[ dqg F\ wkh fruuhvsrqglqj frsxodv1 Li F[ ! F\ / zh zloo vd| wkdw [
lv ohvv ghshqghqw wkdw \ 1 ! gh�qhv d sduwldo rughulqj uhodwlrqvkls/ ehfdxvh wzr frsxodv fdq qrw dozd|v eh
frpsduhg1 Exw zkdw lv wkh lqwhusuhwdwlrq ri wkh wkuhh frsxodv F�/ FB dqg F.B Wkh dqvzhu lv wkh iroorzlqj
+vhh Zdqj ^4<<<` dqg Plnxvl�qvnl/ Vkhuzrrg dqg Wd|oru ^4<<:`,=

� Wzr udqgrp yduldeohv [4 dqg [5 duh frxqwhuprqrwrqlf � ru F @ F� � li wkhuh h{lvwv d udqgrp
yduldeoh [ vxfk wkdw [4 @ i4 +[, dqg [5 @ i5 +[, zlwk i4 qrq0lqfuhdvlqj dqg i5 qrq0ghfuhdvlqj>

� Wzr udqgrp yduldeohv [4 dqg [5 duh lqghshqghqw li wkh ghshqghqfh vwuxfwxuh lv wkh surgxfw frsxod
FB>

� Wzr udqgrp yduldeohv [4 dqg [5 duh frprqrwrqlf � ru F @ F. � li wkhuh h{lvwv d udqgrp yduldeoh
[ vxfk wkdw [4 @ i4 +[, dqg [5 @ i5 +[, zkhuh wkh ixqfwlrqv i4 dqg i5 duh qrq0ghfuhdvlqj>

Vxssrvh wkdw F4 dqg F5 duh vxfk wkdw zh yhuli|

F� ! F4 ! FB ! F5 ! F. +4;,

Zh zloo vd| wkdw F4 lv d qhjdwlyh ghshqghqfh vwuxfwxuh dqgF5 lv d srvlwlyh ghshqghqfh vwuxfwxuh1 Iru Qrupdo
frsxodv/ zh kdyh

F�@�4 @ F� ! F�?3 ! FB @ F�@3 ! F�A3 ! F. @ F�@4 +4<,

Lq wkh fdvh ri wkh Jxpeho frsxod/ zh yhuli| wkdw

FB @ F�@4 ! F�A4 ! F. @ F�@.4 +53,

Lqvwhdg ri wkh Qrupdo frsxod/ wkh Jxpeho rqh grhv qrw doorz qhjdwlyh ghshqghqfh1 Pruhryhu/ lw lv qrw srvvleoh
wr frpsduh d Qrupdo frsxod zlwk d Jxpeho frsxod +h{fhsw iru wkh wulyldo fdvhv,1
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615 D eulhi lqwurgxfwlrq wr h{wuhph ydoxh wkhru|

Ehfdxvh zh duh lqwhuhvwhg lq fulvhv/ dqg vr lq wkh mrlqw ehkdylrxu ri h{wuhph uhwxuqv/ lw vhhpv qdwxudo wr xvh
d iudphzrun edvhg rq h{wuhph ydoxh wkhru|1 Wklv lv iru h{dpsoh wkh srlqw ri ylhz dgrswhg e| Vwudhwpdqv
^4<<<` dqg Orqjlq dqg Vroqln ^4<<<`1 Zh uhplqg khuh vrph uhvxowv/ exw zh lqylwh wkh uhdghu wr frqvxow Mrh
^4<<:` iru d pruh frpsohwh suhvhqwdwlrq ri wklv wkhru|1

Zh uhvwulfw wr wkh elyduldwh fdvh/ exw jhqhudol}dwlrq wr kljkhu glphqvlrqv lv vwudljkwiruzdug +zkloh qrwdwlrq
lv �khdylhu�,1 Zh frqvlghu wzr udqgrp yduldeohv [4 dqg [5 zlwk mrlqw glvwulexwlrq I1 Ghqrwh [l>4> = = = > [l>p d
vhtxhqfh ri llg udqgrp yduldeohv1 Lq h{wuhph ydoxh wkhru|/ zh duh lqwhuhvwhg lq wkh olplw glvwulexwlrq J ri wkh
udqgrp yhfwru ".p gh�qhg dv iroorzv

".p @

�
pd{ +[4>4> = = = > [4>p,
pd{ +[5>4> = = = > [5>p,

�
+54,

Pruh suhflvho|/ J lv wkh olplw glvwulexwlrq ri wkh qrupdol}hg h{wuhphv

olp
p�$4

Su

+
".4>p � e4>p

d4>p
� {4>

".5>p � e5>p

d5>p
� {5

,
@ J +{4> {5, +55,

zlwk idl>pj dqg iel>pj wzr dssursuldwhv vfdoduv1 Li wkhvh vfdolqj frqvwdqwv dqg wkh olplw h{lvw/ zh vd| wkdw J
lv wkh elyduldwh h{wuhph ydoxh glvwulexwlrq ri +[4> [5, dqg I lv vdlg wr eh lq wkh pd{ grpdlq dwwudfwlrq ri J1
Qrwh wkdw wkh h{suhvvlrq +55, lv htxlydohqw wr yhuli| wkh iroorzlqj uhodwlrq +Vwudhwpdqv ^4<<<`,

olp
p�$4

p ^4�I +d4>p{4 . e4>p> d5>p{5 . e5>p,` @ � oqJ +{4> {5, +56,

Krzhyhu/ wkh suhylrxv h{suhvvlrq lv gl!fxow wr h{sorlw dqg vr lw lv kdug wr wr fkdudfwhul}h vlpso| wkh h{wuhph
ydoxh glvwulexwlrq J1 Frsxodv lv wkhq d xvhixo wrro wr gr wkdw1 Ohw F eh wkh frsxod ixqfwlrq ri I1 Zh kdyh

I +{4> {5, @ F +I4 +{4, >I5 +{5,, +57,

zkhuh I4 dqg I5 duh wkh wzr pdujlqv1 Li J h{lvwv/ wkhuh lv doprvw rqh frsxod ixqfwlrq FB vxfk wkdw

J +{4> {5, @ FB +J4 +{4, >J5 +{5,, +58,

zkhuh J4 dqg J5 duh wkh wzr pdujlqv ri wkh glvwulexwlrq J1 Lw lv qrw gl!fxow wr vkrz wkdw qhfhvvdulo| Jl lv
wkh h{wuhph ydoxh glvwulexwlrq ri [l1 Vr/ wkh pdujlqv ri J duh fkdudfwhul}hg e| wkh Ilvkhu0Wlsshw wkhruhp +vhh
Hpeuhfkwv/No sshoehuj dqgPlnrvfk +4<<:,,1 Jl lv rqh ri wkh wkuhh xqlyduldwh h{wuhph ydoxh glvwulexwlrq=
Iuìfkhw/ Zhlexoo ru Jxpeho1 Iru wkh frsxod FB/ Ghkhxyhov ^4<:;` vkrzv wkdw

FB +x4> x5, @ olp
p�$4

Fp
�
x

4
p

4 > x
4
p

5

�
+59,

FB pxvw wkhq eh dq h{wuhph ydoxh frsxod dqg vdwlvi|

FB

�
xw4> x

w
5

�
@ Fw

B +x4> x5, +5:,

iru doo w A 31 Zh fdq yhuli| wkdw wkh Qrupdo frsxod grhv qrw vdwlvi| wkh uhodwlrq +5:,1 Wkh Qrupdo frsxod lv dovr
qrw dq h{wuhph ydoxh frsxod/ dqg wkxv lw fdq qrw eh xvhg iru wkh prghoolqj ri h{wuhphv1 Wklv lv qrw wkh fdvh ri
wkh Jxpeho frsxod/ zklfk lv dq h{wuhph ydoxh frsxod1

Lq sodfh ri wkh qrwdwlrq I 5 PGD+J, � I lv lq wkh pd{ grpdlq dwwudfwlrq ri J � zh xvh +F>I4>I5, 5
PGD+FB>J4>J5,1 Zh kdyh wkhq wkh iroorzlqj wkhruhp=
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Wkhruhp 6 +F>I4>I5, 5PGD+FB>J4>J5, l�

41 Iq 5PGD+Jq, iru q @ 4> 5>

51 F 5PGD+FB,1

Wkh fkdudfwhul}dwlrq ri wkh pd{ grpdlq dwwudfwlrq lv d gl!fxow: / exw d xvhixo h{huflfh1 Zh jlyh khuh vrph
h{dpsohv1 Vxssrvh wkdw wkh wzr pdujlqv I4 dqg I5 duh jdxvvldqv Q +p4> �4, dqg Q +p5> �5,1 Lq wklv fdvh/
zh nqrz wkdw wkh fruuhvsrqglqj xqlyduldwh h{wuhph ydoxh glvwulexwlrq lv wkh Jxpeho glvwulexwlrq �+{, @
h{s +�h�{, +vhh Hpeuhfkwv/ No sshoehuj dqg Plnrvfk ^4<<:`,1 Li wkh ghshqghqfh vwuxfwxuh lv wkh Qrupdo
frsxod +zlwk � ? 4,/ wkh fruuhvsrqglqj h{wuhph ydoxh frsxod lv FB1 Wkh elyduldwh h{wuhph ydoxh glvwulexwlrq
lv wkhq dv iroorzv

J +{4> {5, @ FB +� +{4, >�+{5,,

@ h{s
��h�{4� h{s ��h�{5�

@ h{s
��h�{4 � h�{5

�
+5;,

Vxssrvh qrz wkdw wkh ghshqghqfh vwuxfwxuh lv wkh Jxpeho frsxod1 Zh fdq vkrz wkdw wkh fruuhvsrqglqj h{wuhph
ydoxh frsxod lv d Jxpeho frsxod zlwk wkh vdph sdudphwhu1 Wkh elyduldwh h{wuhph ydoxh glvwulexwlrq ehfrphv

J +{4> {5, @ h{s

�
�
k�
h�{4

��
.
�
h�{5

��l 4
�

�
+5<,

Lq �jxuh 8/ zh kdyh uhsuhvhqwhg wkh suredelolw| ghqvlw| ixqfwlrq ri wkh wzr glvwulexwlrqv; dqg ri wkh fruuhvsrqg0
lqj h{wuhph ydoxh glvwulexwlrqv1 Wkh sdudphwhu ri wkh Qrupdo frsxod lv htxdo wr vlq

�
:�
53

�
zkhuhdv wklv ri wkh

Jxpeho frsxod lv vhw wr 43
6 1 Wkhvh ydoxhv kdyh ehhq fkrrvhq vxfk wkdw wkh Nhqgdoo*v wdx lv htxdo wr :3(1 Zh

yhuli| wkdw wkh wzr h{wuhph ydoxh glvwulexwlrqv duh yhu| gl�huhqw/ zkhuhdv wkh ruljlqdo glvwulexwlrqv vhhp yhu|
forvhg1

616 Fruuhodwlrq dqdo|vlv fdyhdwv

Dv zh kdyh uhfdoohg ehiruh/ frqwdjlrq dqdo|vlv lv edvhg prvw ri wkh wlph rq vwdqgdug +Shduvrq, fruuhodwlrq
frh!flhqw1 Wkh sxusrvh ri wklv vxevhfwlrq lv wr suhvhqw vrph ri wkh fdyhdwv dvrfldwhg zlwk wklv phdvxuh1

61614 D gh�qlwlrq sureohp

D jhqhudo gh�qlwlrq ri frqwdjlrq fdq eh wkh iroorzlqj = Frqwdjlrq lv gh�qhg dv wkh idfw wkdw wkh rffxuuhqfh ri
d fxuuhqf| ru d �qdqfldo fulvlv vrphzkhuh lq wkh zruog lqfuhdvh wkh suredelolw| ri d fulvlv lq dqrwkhu frxqwu|/
lqghshqghqwo| ri wkh odwwhu*v orfdo hfrqrplf dqg �qdqfldo vlwxdwlrq1 Grhv dq lqfuhdvh lq wkh fruuhodwlrq ri uhwxuqv
ru uhvlgxdo uhwxuqv +l1h1 diwhu frqwuroolqj iru ixqgdphqwdov, eh frqvlghuhg dv wkh vljq ri vxfk d frqwdjlrqB

Iurp d jhqhudo irupdo srlqw ri ylhz/ wkh gh�qlwlrq ri d frqwdjlrq +ehwzhhq wzr frxqwulhv, fdq eh h{suhvvhg
dv iroorzv= Wkhuh h{lvwv d skhqrpd ri frqwdjlrq iurp wkh pdunhw 4 wr wkh pdunhw 5 li<

Sui[5 A {5 m [4 A {4j A Sui[5 A {5j +63,

iru d frxsoh ri zhoo0fkrvhq wkuhvkrogv +{4> {5, dqg +[4> [5, d 50glphqvlrqdo yhfwru ri udqgrp yduldeohv1 Lq eurdg
whupv/ wkh lqhtxdolw| +63, phdqv wkdw jlyhq wkdw d fulvlv kdv rffxuuhg lq pdunhw 4 +[4 A {4,/ wkh suredelolw|
ri d fulvlv lq pdunhw 5 lv kljkhu wkdw lqghshqghqwo| ri zkdw kdsshqhg lq pdunhw 41 Zlwk wklv gh�qlwlrq/ zh
fdq qdwxudoo| frpsduh wkh suredelolw| ri d �qdqfldo udqgrp yduldeoh wr eh deryh d fhuwdlq wkuhvkrog gxulqj

: vhh \xq ^4<<:` iru wkh h{dpsohv ri pxowlyduldwh h{srqhqwldo/ vwxghqw/ jdppd dqg qrupdo glvwulexwlrqv1
;Wkh Qrupdo pdujlqv duh fhqwhuhg zlwk d xqlw vwdqgdug huuru1
< Lq wklv gh�qlwlrq/ zh uhvwulfw wr wkh glvwulexwlrq ri pd{lpd +l1h1 srvlwlyh uhwxuqv,1 Wkh dqdo|vlv ri wkh glvwulexwlrq ri plqlpd

+l1h1 qhjdwlyh uhwxuqv, lv reylrxvo| wkh vdph zkhq zh uhvwulfw wr h{wuhph pryhphqwv +lw vx!fhv wr uhsodfh uhwxuqv e| plqxv uhwxuqv,1
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Iljxuh 8= Suredelolw| ghqvlw| ixqfwlrq ri d glvwulexwlrq dqg lwv h{wuhph ydoxh glvwulexwlrq

�qrupdo� shulrg +doo0vdpsoh, dqg �khfwlf� shulrg +wkh vxe0vdpsoh lv gh�qhg dv [4 A {4,1 Zh zloo vhh odwhu wkdw
wklv gh�qlwlrq phdqv wkdw [4 dqg [5 duh srvlwlyh txdgudqw ghshqghqw deryh d fhuwdlq wkuhvkrog1 Pruhryhu/ zh
fdq qrwh wkdw wklv gh�qlwlrq ri frqwdjlrq lv v|pphwulf lq [4 dqg [5 vlqfh

Sui[5 A {5 m [4 A {4j � Sui[5 A {5j li dqg rqo| li Sui[4 A {4 m [5 A {5j � Sui[4 A {4j +64,

Wklv phdqv wkdw wkh phdvxuh ri frqwdjlrq lv lqghshqghqw ri wkh pdujlqdov +l1h1/ wkh jurxqg0}hur frxqwu|,1
Rq wkh frqwudu|/ wkh xvh ri d frqglwlrqdo suredelolw| dorqh ohdgv wr d phdvxuh ri frqwdjlrq ghshqghqw ri wkh
frqglwlrqlqj pdujlqdo +vhh vwudhwpdqv ^4<<<`,1

Zh fdq qrz jlyh dq h{dpsoh wkdw vkrzv wkdw phdvxulqj fruuhodwlrq gxulqj wkhvh wzr shulrgv fdqqrw eh d
jrrg lqglfdwru ri wklv nlqg ri skhqrphqdv1 Wklv h{dpsoh lv edvhg rq Hpeuhfkwv/ PfQhlo dqg vwudxpdqq
^4<<<` zkr dgydqfh wkh wkhrulfdo surshuw| wkdw vxvwdlqv lw=

Pdujlqdo glvwulexwlrqv dqg fruuhodwlrq gr qrw ghwhuplqh wkh mrlqw glvwulexwlrq1

Frqvlghu d elyduldwh glvwlexwlrq +[4>[5, zlwk Jdppd pdujlqdov +zlwk sdudphwhu htxdo wr 6, exw zlwk d
ghshqghqfh vwuxfwxuh wkdw fdq fkdqjh ryhu wlph1 Qdpho|/ li [4 A {4/ wkh ghshqghqfh ixqfwlrq lv d Jxpeho
frsxod dqg li [4 � {4/ wkh ghshqghqfh ixqfwlrq lv d Qrupdo frsxod1 Wkh frsxod sdudphwhuv duh fkrvhq vr wkdw
wkh fruuhodwlrq lv htxdo wr 31:8 iru wkh wzr frsxodv1 Dv d uhvxow/ d fodvvlfdo vwxg| edvhg rq fruuhodwlrqv phdvxuh
zloo frqfoxgh wkdw wkhuh lv qr frqwdjlrq dqg qr fkdqjh lq wkh jhqhudwlqj surfhvv ehwzhhq �khfwlf� � [4 A {4
� dqg �fdop� � [4 � {4 � shulrgv1 Krzhyhu/ li zh wdnh d wkuhvkrog {4 vr wkdw Su i[4 A {4j @ 4( dqg
fkrrvh {5 htxdo wr {4/ dq hpslulfdo hvwlpdwlrq jlyhv43 Sui[5 A {5 m [4 A {4j @ 9:(1 Jlyhq rxu gh�qlwlrq ri
frqwdjlrq/ wkhuh lv fohduo| frqwdjlrq1 Wklv uhvxow lv rewdlqhg lq d fdvh zklfk lv qrw rqo| d sxuho| pdwhpdwlfdo
rqh= dv d pdwwhu ri idfw/ wkh lghd ri d fkdqjh lq wkh ghshqghqfh vwuxfwxuh gxulqj h{wuhpo| yrodwloh shulrg � dqg

43 Lq wklv fdvh/ wkh sdudphwhuv ri wkh Jxpeho dqg Qrupdo frsxodv duh uhvshfwlyho| 516 dqg 31;31
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hvshfldoo| d wudqvirupdwlrq iurp d Qrupdo frsxod lqwr d Jxpeho frsxod � lv qrz vxvwdlqhg e| vrph hpslulfdo
vwxglhv +vhh Orqjlq dqg Vroqln ^5333`,1 Wklv fkdqjh lq wkh ghshqghqfh vuxfwxuh fdq eh lqwhusuhwhg dv d fkdqjh
lq wkh fkdqqhov ehwzhhq wkh wzr uhvshfwlyh pdunhwv ri rxu �qdqfldo vhulhv1 Qhyhuwkhohvv/ zh vhh wkdw d vwxg| ri
fruuhodwlrqv lv xqdeoh wr ghwhfw wklv nlqg ri fkdqjh1

Wklv h{dpsoh kdv xvhg d vlpsoh frpsdulvrq ehwzhhq fruuhodwlrqv lq �fdop� dqg �khfwlf� shulrgv zkhudv/
dv zh kdyh uhfdoohg hdolhu/ rqh frxog wdnh lqwr dffrxqw wkh vhohfwlrq eldv xvhg wr gh�qh wkh wzr vxe0vdpsohv1
Krzhyhu/ zh frxog kdyh lpdjlqhg dq h{dpsoh zkhuh wkh frsxodv kdg wkh vdph fruuhfwhg fruuhodwlrq +olnh wkh
rqh xvhg lq Er|hu/ Jlevrq dqg Oruhwdq ^4<<<`,1 Lw zrxog qrw kdyh fkdqjhg rxu pdlq srlqw= iru rqh vwdwhg
sdudphwhu +olnh wkh fruuhfwhg fruuhodwlrq, dqg wzr jlyhq pdujlqdov/ |rx fdq �qg dq lq�qlw| ri ghshqghqfh
vwuxfwxuh zlwk ydulrxv lpsdfwv rq wkh suredelolw| ri vlpxowdqhrxv fulvlv1

Rqh frxog dovr dujxh wkdw rxu uhvxowv duh/ ri frxuvh/ ghshqghqw rq wkh gh�qlwlrq ri frqwdjlrq zh xvh1 Dv
d pdwwhu ri idfw/ li |rx gh�qh frqwdjlrq dv dq lqfuhdvh lq fruuhodwlrqv/ wkhuh lv fohduo| qr frqwdjlrq lq rxu
h{dpsoh1 Krzhyhu/ zh wklqn wkdw erwk ulvn pdqdjhuv dqg srolf| pdnhuv pd| eh pruh lqwhuhvwhg lq d frqwdjlrq
wkdw irfxvhv rq wkh ulvn ri d vlpxowdqhrxv fulvlv wkdq lq d frqwdjlrq wkdw irfxvhv rq fkdqjhv lq fruuhodwlrqv lq
rughu wr hydoxdwh wkh prgl�fdwlrqv ri wkh xqghuo|lqj surfhvv � hvshfldoo| zkhq wklv nlqg ri frqwdjlrq lv qrw
dozd|v deoh wr orfdwh fkdqjhv lq wkh ghshqghqfh vwuxfwxuh ri wkh surfhvv1

Jlyhq rxu gh�qlwlrq ri frqwdjlrq � zklfk qhhgv d frqwuro ri wkh ixqgdphqwdov � lw vhhpv qdwxudo wr
wklqn wkdw wkh vhfrqg nlqg ri whvw/ zklfk lv rqo| edvhg rq uhvlgxdo fruuhodwlrqv/ pd| zrun ehwwhu hpslulfdoo|1
Pruhryhu/ zlwk wklv dssurdfk/ shrsoh gr qrw kdyh sureohpv ri vhohfwlrq eldv ru vzlwfklqj uhjlphv vlqfh wkh|
rqo| irfxv rq fulvlv shulrgv1 Exw/ e| xvlqj djdlq dq h{dpsoh edvhg rq Qrupdo dqg Jxpeho frsxodv/ zh fdq
vkrz wkdw fruuhodwlrq lv qrw d zhoo0dgdswhg wrro Lq wklv vhfrqg h{dpsoh/ zh frqvlghu wzr udqgrp yhfwruv
[ @ +[4> [5, dqg \ @ +\4> \5, erwk zlwk Jdppd pdujlqdov +zlwk sdudphwhu htxdo wr 6, exw wkh �uvw rqh
ghshqgv rq d Qrupdo frsxod dqg wkh vhfrqg rqh rq d Jxpeho frsxod1 Lq rughu wr whvw iru frqwdjlrq/ zh phdvxuh
fruuhodwlrqv ri [ dqg \ gxulqj wkh shulrgv gh�qhg dv [4 A {4 dqg |4 A |41 Olnh lq rxu �uvw h{dpsoh/ zh
wdnh Su i[4 A {4j @ Su i\4 A |4j @ 4( dqg wkh wkuhvkrogv {5 dqg |5 duh vhw wr {4 dqg |41 Zh fkrrvh wkh
sdudphwhuv ri rxu frsxodv vr wkdw lq wkh fulvlv shulrg wkh Shduvrq fruuhodwlrq lv htxdo wr 48( lq erwk fdvhv44 1
Dv d frqvhtxhqfh/ lq erwk fdvhv/ d vwxg| edvhg rq fruuhodwlrqv zloo frqfoxgh wkdw frqwdjlrq rffxuv1 Pruhryhu/
ehfdxvh wkh wzr fruuhodwlrqv duh htxdo/ shrsoh pd| wklqn wkdw frqwdjlrq rffxuv dw wkh vdph ohyho1 Exw li
zh jlyh d forvhu orrn dw wkh frqglwlrqdo suredelolw|/ zh �qg wkdw Sui[5 A {5 m [4 A {4j @ 6( zkhuhdv
Sui\5 A |5 m \4 A |4j @ 53(1 Zh vhh wkdw frqwdjlrq lv fohdu rqo| lq wkh vhfrqg fdvh dqg wkdw wkh suredelolwlhv
ri d vlpxowdqhrxv fulvlv duh yhu| gl�huhqw= wkh suredelolw| lq wkh Jxpeho fdvh lv vhyhq wlphv wkdw ri wkh Qrupdo
fdvh1

61615 Vrph plvlqwhusuhwdwlrqv ri wkh fruuhodwlrq

Zh qrwh � +[4>[5, wkh Shduvrq fruuhodwlrq ri wkh wzr udqgrp yduldeohv [4 dqg [5 zlwk pdujlqv I4 dqg I51
Zh olvw khuh vrph �p|wkv� derxw wkh fruuhodwlrq zklfk duh riwhq xvhg lq �qdqfldo hfrqrplfv=

41 wkh udqgrp yduldeohv [4 dqg [5 duh lqghshqghqw li dqg rqo| li � +[4> [5, @ 3>

51 iru jlyhq pdujlqv/ wkh shuplvvleoh udqjh ri � +[4> [5, lv ^�4> 4`>
61 � +[4> [5, A 3 phdqv wkdw [4 dqg [5 kdyh d srvlwlyh ghshqghqfh1

Zh frqvlghu wkh �uvw hylghqfh1 Zh xvh wkh fxelf frsxod lqwurgxfhg e| Gxuuohpdq/ Qlnhjkedol dqg
Urqfdool ^5333` +vhh ^57`, dqg gh�qhg dv iroorzv

F +x4> x5, @ x4x5 . � ^x4+x4 � 4,+5x4 � 4,` ^x5+x5 � 4,+5x5 � 4,` +65,

44 Lq wklv fdvh/ wkh sdudphwhuv ri wkh Jxpeho dqg Qrupdo frsxodv duh uhvshfwlyho| 414; dqg 31531
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zlwk � 5 ^�4> 5`1 Zh dvvxph wkdw wkh pdujlqv I4 dqg I5 duh frqwlqrxv dqg v|pphwulf1 Lq wklv fdvh/ wkh
Shuvrq fruuhodwlrq lv htxdo wr }hur1 Wkh surri ri wklv uhvxow lv vwudljkwiruzdug li zh uhpdun wkdw F +x4> x5, �
x4x5 lv v|pphwulf derxw

�
I�44

�
4
5

�
>I�45

�
4
5

��
1 Pruhryhu/ li � 9@ 3/ wkh udqgrp yduldeohv [4 dqg [5 duh qrw

lqghshqghqw1 Vr/ zh kdyh rewdlqhg d idplo| ri glvwulexwlrqv vxfk wkdw � +[4> [5, @ 3 dqg [4 dqg
[5 duh ghshqghqw1 Wr looxvwudwh wklv idfw/ zh kdyh sorwwhg lq �jxuh 9 wkh suredelolw| ghqvlw| ixqfwlrq ri
glvwulexwlrqv jhqhudwhg e| wkh fxelf frsxod451 Qrwh wkdw � @ 3 fruuhvsrqgv wr wkh lqghshqghqw fdvh/ l1h1
F @ FB1

Iljxuh 9= Suredelolw| ghqvlw| ixqfwlrq ri glvwulexwlrqv frqvwuxfwhg zlwk wkh fxelf frsxod

Zh nqrz wkdw � +[4> [5, 5 ^�4> 4`1 � +[4> [5, wdnhv wkh ydoxh 4 +uhvshfwlyho| �4, li dqg rqo| li wkhuh h{lvwv d
olqhdu uhodwlrqvkls [5 @ d[4. e zlwk d A 3 +uhvshfwlyho| d ? 3,1 Lq wkh fdvh ri qrq olqhdu uhodwlrqvkls ehwzhhq
[4 dqg [5/ � +[4> [5, 5

�
��> �.

� � ^�4> 4`1 Zh looxvwudwh wklv vhfrqg srlqw zlwk d vlpsoh +exw ehdxwlixo,
h{dpsoh gxh wr Zdqj ^4<<<`1 Zh dvvxph wkdw [4 � OQ +�4> �4, dqg [5 � OQ +�5> �5,1 Zh fdq vkrz wkdw wkh

plqlpxp fruuhodwlrq �� lv jlyhq zkhq [5 @ h�5.
�5
�4
�4[

�
�5
�4

4 dqg wkh pd{lpxp fruuhodwlrq �. lv jlyhq zkhq

[5 @ h�5�
�5
�4
�4[

�5
�4
4 1 Lq wklv fdvh/ zh kdyh +vhh dsshqgl{ D1715 ri Zdqj ^4<<<`,

�� @
h��4�5 � 4s

h�
5
4 � 4

s
h�

5
5 � 4

� 3

�. @
h�4�5 � 4s

h�
5
4 � 4

s
h�

5
5 � 4

� 3 +66,

Qrwh wkdw �. lv htxdo wr 4 li dqg rqo| li �4 @ �5 dqg �� wdnhv wkh ydoxh �4 li dqg rqo| li

olp
�4�$3.

�4 @ olp
�5�$3.

�5 @ 3 +67,

45Wkh pdujlqv duh uhvshfwlyho| jdxvvldq +f� ; � Efc �� dqg f2 ; � Efc ��, dqg vwxghqw +f� ; |2 dqg f2 ; |�,1
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Vr/ lq wkh fdvh zkhuh �4 9@ �5/ wkh shuplvvleoh udqjh ri � +[4> [5, lv qrw ^�4> 4` ehfdxvh �� A �4 dqg �. ? 41
Pruhryhu/ zh kdyh

olp
�4a�5�$4

�� @ 3 +68,

dqg

olp
m�4��5m�$4

�. @ 3 +69,

Wklv lv lq frqwudglfwlrq zlwk wkh eholhi lq �qdqfldo hfrqrplfv wkdw

Jlyhq pdujlqdo glvwulexwlrqv I4 dqg I5 iru [4 dqg [5/ doo Shduvrq fruuhodwlrq ehwzhhq �4 dqg .4 fdq eh
dwwdlqhg wkurxjk d vxlwdeoh vshfl�fdwlrq ri wkh mrlqw glvwulexwlrq +Hpeuhfkwv/ PfQhlo dqg vwudxpdqq ^4<<<`,1

Zh kdyh uhsruwhg wkh udqjh ri
�
��> �.

�
iru gl�huhqw ydoxhv ri �4 dqg �51 Lq vrph fdvhv/ zh uhpdun wkdw ��  �4

dqg �. � 41

Iljxuh := Shuplvvleoh udqjh ri � +[4> [5, zkhq [4 dqg [5 duh wzr orj0qrupdo udqgrp yduldeohv

Zh frqvlghu qrz wkh wklug srlqw1 Zh xvh wkh suhylrxv h{dpsoh1 Wkh olqndjh ehwzhhq wkh wzr udqgrp
yduldeohv lv grqh zlwk wkh Jdxvvldq frsxod1 Lq wdeoh 4/ zh kdyh uhsruwhg wkh fruuhvsrqglqj Shduvrq*v fruuhodwlrq/
Nhqgdoo*v wdx dqg Vshdupdq*v ukr iru �4 @ 4 dqg �5 @ 61 Ehfdxvh wkh shuplvvleoh udqjh ri � +[4> [5, lv qrw
odujh/ zh rewdlq vrph vwudqjh uhvxowv1 Iru h{dpsoh/ lq wkh fdvh ri wkh orzhu Iuìfkhw erxqg F�/ l1h1 zkhq [4

dqg [5 duh frxqwhuprqrwrqlf dqg suhvhqw wkh prvw qhjdwlyh ghshqghqfh/ wkh fruuhodwlrq lv forvh wr }hur$ Wklv
vlpsoh h{dpsoh vkrzv xv wkdw zh fdq qrw xvh wkh Shduvrq fruuhodwlrq wr phdvxuh wkh lqwhqvlw| ri wkh
ghshqghqfh1 Nhqgdoo*v wdx dqg Vshdupdq*v ukr duh pruh dssursuldwh1

Nhqgdoo*v wdx dqg Vshdupdq*v ukr duh wzr frqfrugdqfh phdvxuhv +Qhovhq ^4<<;`,1 Wkh| vdwlv�hv gl�huhqw
surshuwlhv/ lq sduwlfxodu=
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Frsxod � +[4> [5, � +[4> [5, ( +[4> [5,
F� �3=33; �4 �4

� @ �3=: * 3 �3=7< �3=9;
FB 3 3 3

� @ 3=: * 3=43 3=7< 3=9;
F. 3=49 4 4

Wdeoh 4= Ydoxh ri wkh ghshqghqfh phdvxuhv

� li [4 dqg [5 duh frxqwhuprqrwrqlf/ wkh phdvxuh ri frqfrugdqfh lv htxdo wr �4>
� li [4 dqg [5 duh lqghshqghqw/ wkh phdvxuh ri frqfrugdqfh lv htxdo wr 3>

� li [4 dqg [5 duh frprqrwrqlf/ wkh phdvxuh ri frqfrugdqfh lv htxdo wr 4>

� wkh phdvxuh ri frqfrugdqfh ehwzhhq [4 dqg [5 lv lqyduldqw xqghu prqrwrqlf wudqvirupdwlrqv ri [4 dqg
[51

Nhqgdoo*v wdx lv lqwhusuhwhg dv wkh suredelolw| ri frqfrugdqw sdluv plqxv wkh suredelolw| ri glvfrugdqw sdluv
zkhuhdv wkh Vshdupdq*v ukr fruuhvsrqgv wr wkh olqhdu fruuhodwlrq frh!flhqw ri wkh udqnv1 Ehfdxvh ri wkh suhylrxv
surshuwlhv/ wkh| fdq eh xvhg wr frpsduh ghshqghqfh lq d pruh frkhuhqw zd| wkdq wkh Shduvrq fruuhodwlrq1

617 D qhz vwdwlvwlfdo iudphzrun wr dqdo|}h frqwdjlrq hslvrghv dqg ghshqghqfh
ehwzhhq �qdqfldo pdunhwv

Zh kdyh vhhq lq wkh suhylrxv sdudjudsk wkdw fruuhodwlrq lv qrw d jrrg wrro iru lghqwli|lqj wkh ghshqghqfh
ixqfwlrq1 Lq wklv vxevhfwlrq/ zh uhylhz gl�huhqw vwdwlvwlfdo phwkrgv uhodwhg wr frsxodv/ zklfk frqvwlwxwh d pruh
dssursuldwh wrro wr gh�qh wkh ghshqghqfh ixqfwlrq1

61714 Prghoolqj wkh ghshqghqfh ehwzhhq h{wuhph uhwxuqv

Fruuhodwlrq lv qrw d jrrg phdvxuh iru lghqwli|lqj frqwdjlrq hslvrghv1 D pruh dssursuldwh phdvxuh pxvw hqwluho|
fkdudfwhul}h wkh ghshqghqfh vwuxfwxuh1

Gh�qlwlrq ri wkh xsshu wdlo ghshqghqfh Lq wkh uhvw ri wklv sdshu/ zh zloo qrz xvh d pruh suhflvh yhuvlrq
ri rxu �uvw gh�qlwlrq ri frqwdjlrq1 Zh gh�qh frqwdjlrq dv iroorzv=

Gh�qlwlrq 7 Frqvlghu d wzr glphqvlrqdo yhfwru ri udqgrp yduldeohv +[4> [5, zlwk glvwulexwlrq ixqfwlrqv I4

dqg I5 dqg d frsxod ixqfwlrqv F/ wkhuh h{lvwv d skhqrpd ri frqwdjlrq li

Su
�
[5 A I�45 +�5, m [4 A I�44 +�4,

� � Su
�
[5 A I�45 +�5,

�
+6:,

iru doo �4 � �B dqg �5 � �B1

Iurp d vwdwlvwlfdo srlqw ri ylhz/ wklv gh�qlwlrq pd| eh vhhq dv d uhvwulfwhg surshuw| ri srvlwlyh txdgudqw
ghshqghqfh +STG, deryh wkh wkuhvkrog �B1 STG phdqv wkdw wkh ghshqghqfh ixqfwlrq F lv odujhu wkdq wkh
surgxfw frsxod FB +vhh Mrh ^4<<:`,1 Qrwh wkdw wkh lqhtxdolw| +6:, lv htxlydohqw wr

Su
�
[5 A I�45 +�5, m [4 A I�44 +�4,

�
Su

�
[4 A I�44 +�4,

� � Su
�
[5 A I�45 +�5,

�
+6;,

Lw frphv wkdw

Su
�
[5 A I�45 +�5, m [4 A I�44 +�4,

� � Su
�
[4 A I�44 +�4,

�
Su

�
[5 A I�45 +�5,

�
+6<,

4:



Zkhq wkh pdujlqv duh frqwlqrxv/ wklv lqhtxdolw| lv yhul�hg iru doo +�4> �5, 5 ^3> 4`5 li

F " FB +73,

Rqh dgydqwdjh ri wkh suhylrxv gh�qlwlrq lv wkdw lw lv h{suhvvhg lq whupv ri txdqwloh1 Zh fdq wkhq dvvrfldwh
gluhfwo| �4 dqg �5 wr vpdoo hyhqwv/ ehfdxvh wkh| duh suredelolwlhv1 Lq sudfwlfh/ zh zloo fkrrvh �4 @ �5 @ �1
Zlwklq wklv gh�qlwlrq/ zh jlyh d vshfldo dwwhqwlrq wr wkh dv|pswrwlf fdvh

� @ olp
��$4�

Su
�
[5 A I�45 +�, m [4 A I�44 +�,

�� Su
�
[5 A I�45 +�,

�
@ olp

��$4�
Su

�
[5 A I�45 +�, m [4 A I�44 +�,

�
+74,

� lv fdoohg wkh frh!flhqw ri xsshu wdlo ghshqghqfh1 Lq wklv fdvh/ d whvw iru ghshqghqfh ehwzhhq h{wuhph uhwxuqv
lv vlplodu wr wkh whvw ri wkh qxoo k|srwkhvlv � A 3 djdlqvw wkh dowhuqdwlyh k|srwkhvlv � @ 31 Lq wkh Qrupdo frsxod/
� wdnhv wkh ydoxh 31 Wklv nlqg ri whvw kdv douhdg| ehhq xvhg lq Orqjlq dqg Vroqln ^4<<<`1

Lq wkh jhqhudo fdvh/ zh kdyh wr frqvlghu wkh txdqwloh0ghshqghqw phdvxuh46 � +�, gh�qhg dv iroorzv

� +�, @ Su
�
[5 A I�45 +�, m [4 A I�44 +�,

�
@

Su
�
[5 A I�45 +�5, > m [4 A I�44 +�4,

�
Su

�
[4 A I�44 +�4,

�
@

4� 5�.F +�> �,

4� �

@ 5� 4�F +�> �,

4� �
+76,

Qrwh wkdw wkh htxdwlrq +6:, lv htxlydohqw wr yhuli| wkdw � +�, � +4� �, � 31 Vlqfh � 5 ^3> 4`/ zh mxvw kdyh wr
vwxg| wkh vljq47 ri F +�> �,� �51

Wkhuh duh wzr sureohpv zlwk wkh prgholvdwlrq ri wkh xsshu wdlo ghshqghqfh1

41 Wkh �uvw rqh lv wkdw � +�, zloo eh hvwlpdwhg iurp hpslulfdo revhuydwlrqv/ dqg �hvwlpdwhv ri � +�, pd|
dsshdu frqvwdqw dqg srvlwlyh/ hyhq iru dv|pswrwlfdoo| lqghshqghqw yduldeohv� +Frohv/ Fxuulh dqg Wdzq
^4<<<`,1 Wkhvh dxwkruv kdyh wkhq frqvlghuhg d vhfrqg ghshqghqfh phdvxuh �� +�, gh�qhg dv

�� +�, @
oq +4� �,5

oq +4� 5�.F +�> �,,
� 4 +77,

Zh fdq vkrz wkdw wkh olplw fdvh �� @ olp
��$4�

�� +�, yhul�hv �4 ? �� � 41 Lq wklv fdvh48/ h{wuhpdo ghshqghqfh

fruuhvsrqgv wr �� @ 41 Lq �jxuh ;/ zh frpsduh wkh wzr phdvxuhv � +�, dqg �� +�, zkhq wkh frsxod lv Qrupdo1
Zh uhpdun wkdw wkh frqyhujhqfh ri � +�, wr }hur fdq eh yhu| vorz1 Dv lqglfdwhg e| Frohv/ Fxuulh dqg
Wdzq ^4<<<`/ �� lv htxdo wr wkh fruuhodwlrq sdudphwhu � ri wkh Qrupdo frsxod �zklfk surylghv d xvhixo
ehqfkpdun iru lqwhusuhwlqj wkh pdjqlwxgh ri �� lq jhqhudo prghov�1

46Vrphwlphv/ dqrwkhu h{suhvvlrq lv frqvlghuhg +Frohv/ Fxuulh dqg Wdzq ^4<<<`,

b Ek� s 23
*?� Ekck�

*?k
+75,

47Wklv uhvxow pd| eh rewdlqhg gluhfwo| e| wklqnlqj frqwdjlrq dv d srvlwlyh txdgudqw ghshqghqfh rq wkh gldjrqdo1
48Wkh dxwkruv prwlydwh wkh lqwurgxfwlrq ri wklv phdvxuh/ ehfdxvh lw lv uhodwhg wr wkh frh!flhqw ri wdlo ghshqghqfh # ri Ohgirug

dqg Wdzq ^4<<9`/ zklfk vdwlv�hv wkh frqglwlrq

�h tf� : %cf2 : %� x n E%� d�h tf� : %�o
4
� +78,

zkhuh wkh pdujlqv ri f� dqg f2 duh wzr xqlw Iuìfkhw dqg n E%� d vorzo| ydu|lqj ixqfwlrq1 Zh kdyh

7b ' 2# 3 � +79,

4;



51 Wkh vhfrqg sureohp frqfhuqv wkh uhohydqfh ri wkh dv|pswrwlf fdvh1 Ohw xv frqvlghu wkh h{dpsoh ri wkh
Qrupdo frsxod zlwk � htxdo wr :8(1 Zh kdyh � @ 3 exw � +<<=<<(, @ 46=9(1 Lq wkh fdvh ri wkh Vwxghqw
frsxod zlwk 7 ghjuhhv ri iuhhgrp dqg d sdudphwhu � htxdo wr �83(/ zh kdyh � @ 4=5( dqg � +<<=<<(, * �1
Wklv vlpsoh h{dpsoh vkrzv xv wkdw wkh dv|pswrwlf fdvh lv qrw shukdsv wkh prvw lqwhuhvwlqj fdvh wr vwxg|
wkh ghshqghqfh ehwzhhq h{wuhph uhwxuqv1

Iljxuh ;= Frpsdulvrq ri wkh phdvxuhv � +�, dqg �� +�, lq wkh fdvh ri wkh Qrupdo frsxod

Hvwlpdwlrq lvvxhv Dv d pdwwhu ri idfw/ li zh zdqw rxu gh�qlwlrq ri frqwdjlrq wr eh d xvhixo wrro/ zh pxvw
eh deoh wr hvwlpdwh h{suhvvlrq +6:,1 Qdpho|/ zh pxvw eh deoh wr hvwlpdwh wkh frqglwlrqdo suredelolw| � +�,
dqg hvshfldoo| zkhq zh duh lq shulrgv ri fulvlv vxfk dv � lv forvhg wr rqh1 Lq wklv shuvshfwlyh/ zh zloo suhvhqw
wzr dssurdfkhv= wkh �uvw rqh/ zklfk lv qrq0sdudphwulf/ lv jlyhq lq vwudhwpdqv ^4<<<` dqg wkh vhfrqg rqh/
zklfk lv sdudphwulf/ lv jlyhq lq Orqjlq dqg Vroqln ^4<<<`1 Wkh| duh erwk lqwhuhvwhg lq dv|pswrwlf phdvxuhv
exw wkh �uvw dxwkru irfxvhv rq d suredelolw| ri vslooryhu zkhuhdv wkh rwkhuv hvwlpdwh d frh!flhqw ri �h{wuhpdo
fruuhodwlrq�1 Wkh wzr dssurdfkhv fdq jlyh dq hvwlpdwlrq ri � +�,1 Lq rughu wr suhvhqw wkhvh wzr dssurdfkhv/ zh
zloo �uvw jlyh wkh wkhruhwlfdo uhvxowv wkdw vxvwdlq erwk ri wkhp dqg wkhq/ wkhlu uhvshfwlyh vshfl�flwlhv1 Ilqdoo|/
zh zloo sursrvh dq h{whqvlrq wr wkhvh phwkrorjlhv � edvhg rq h{wuhph frsxodv � dqg dsso| lw lq wkh qh{w
sdudjudsk lq rughu wr hvwlpdwh � +�, zkhq � lv forvh wr rqh1

Wkhvh wzr dssurdfkhv �uvw xvh wkh uhvxowv jlyhq e| HYW iru wkh pdujlqdov I4 dqg I5 ri wzr udqgrp
yduldeohv [4 dqg [51 Qdpho|/ wkh| xvh wkh idfw wkdw iru idw0wdlohg glvwulexwlrqv olnh wkrvh ri �qdqfldo uhwxuqv/
wkh glvwulexwlrq ri zhoo0qrupdol}hg pd{lpd whqgv wr eh Iuìfkhw zlwk sdudphwhu �l1 Iurp wkh surshuwlhv ri wkh
pd{0grpdlq ri dwwudfwlrq/ vwudhwpdqv ghgxfhv wkdw

4�Il +{, * d{��l iru { �$4 +7:,

4<



Wklv uhsuhvhqwdwlrq doorzv klp wr hvwlpdwh �l dqg wkhq wkh suredelolw| ri [l wr eh deryh rqh jlyhq wkuhvkrog
vroho| e| wkh xvh ri wkh Kloo hvwlpdwru +vhh Hpeuhfkwv/ No sshoehuj dqg Plnrvfk ^4<<:`,1 Rq wkh rwkhu
kdqg/ Orqjlq dqg Vroqln xvh wkh htxlydohqfh ehwzhhq ehorqjlqj wr wkh pd{0grpdlq ri dwwudfwlrq ri d Iuìfkhw dqg
kdylqj d glvwulexwlrq ri vfdohg h{fhvvhv ryhu kljk wkuhvkrogv wkdw whqgv wr eh d Jhqhudolvhg Sduhwr Glvwulexwlrq
+JSG, zklfk kdv wkh iroorzlqj h{suhvvlrq

JSG +{, @ 4�
�
4 .

{� �

��

���
+7;,

+� lv wkh vfdolqj sdudphwhu dqg � lv wkh wkuhvkrog,1 Lw lv lpsruwdqw wr qrwh wkdw 4 � JSG +{, lv qrw htxdo
wr Su i[ A {j exw wr Su i[ A { m [ A �j zkhq � �$ 41 Lq rughu wr hvwlpdwh wkh sdudphwhuv ri wkh JSG/
wkh| xvh pd{lpxp olnholkrrg phwkrg zkhuhdv Vwudhwpdqv*v hvwlpdwlrq lv edvhg rq wkh Kloo hvwlpdwru1 Lq
vxppdu|/ frqfhuqlqj wkh pdujlqdov/ wkh| erwk xvh wkhruhwlfdo uhvxowv olqnhg wr wkh pd{0grpdlq ri dwwudfwlrq ri
wkh Iuìfkhw glvwulexwlrq1 Krzhyhu/ zkhuhdv Vwudhwpdqv xvhv vhpl0sdudphwulf phwkrg wr hvwlpdwh Su i[ A {j
+zkhq { �$4,/ Orqjlq dqg Vroqln irfxv rq d sdudphwulf hvwlpdwlrq ri Su i[ A { m [ A �j +zkhq � �$4,1

Frqfhuqlqj wkh ghshqghqfh vwuxfwxuh/ zh zloo vkrz wkdw wkh remhfwv wkh| xvh duh yhu| vlplodu iru kljk
txdqwlohv1 Krzhyhu/ lq rughu wr frpsduh wkhlu wzr ghshqghqfh vwuxfwxuhv/ zh pxvw irfxv lq erwk fdvhv rq
wkh vdph suredelolwlhv1 Vr/ d �uvw sureohp wr vroyh lv wkdw vwudhwpdqv xvhg xqfrqglwlrqdo suredelolwlhv zkloh
Orqjlq dqg Vroqln irfxv rq frqglwlrqdo suredelolw|1 Zh fkrrvh wr suhvhqw zkdw ehfrphv Orqjlq dqg Vroqln*v
dssurdfk iru � @ 3 dqg { �$ 41 Pruhryhu/ vlqfh zh fdq qr orqjhu xvh wkh uhvxowv edvhg rq wkh JSG iru wkh
pdujlqdov/ zh zloo pdlqwdlq wkh dvvxpswlrq wkdw wkh udqgrp yduldeohv duh lq wkh pd{0grpdlq ri dwwudfwlrq ri
d Iuìfkhw glvwulexwlrq1 Qrz/ jlyh d forvhu orrn dw wkh wzr ghshqghqfh ixqfwlrqv lqwurgxfhg e| wkh dxwkruv1
Lq Vwudhwpdqv ^4<<<`/ wklv ghshqghqfh vwuxfwxuh lv fdoohg wkh vwdeoh wdlo ghshqghqfh ixqfwlrq � oI � dqg
lq Orqjlq dqg Vroqln ^4<<<` wkh ghshqghqfh ixqfwlrq � )1 Zh fdoo J wkh h{wuhph elyduldwh glvwulexwlrq
ri wkh wzr udqgrp yduldeohv +[4>[5, zlwk Iuìfkhw glvwulexwlrqv 
�4 dqg 
�5 dqg gh�qh x4 dqg x5 vxfk dv
x @ 4�
� +{, * {��1 Wkh vwdeoh wdlo ghshqghqfh ixqfwlrq lv h{suhvvhg dv iroorzv

oI+x4> x5, @ � oqJ

�
x
� 4
�4

4 > x
� 4
�5

5

�
+7<,

zkhuhdv/ lq Orqjlq dqg Vroqln ^4<<<`/ wkh ghshqghqfh ixqfwlrq yhul�hv

J +{4> {5, @ h{s

�
�)

�
� 4

oq
�4 +{4,
>� 4

oq
�4 +{4,

��
+83,

Zlwk olplwhg ghyhorsphqw ri rughu rqh/ lw fdq dovr eh zulwwhq dv

J +{4> {5, * h{s

�
�)

�
4

{�44
>

4

{�55

��
* h{s ^�) +x4> x5,` +84,

Iru doo +x4> x5, forvh wr }hur/ zh �qdoo| rewdlq � oqJ

�
x
� 4
�4

4 > x
� 4
�5

5

�
@ ) +x4> x5, dqg vr oI+x4> x5, @ ) +x4> x5,1

Wkh uhvwulfwlrq lv qrw d sureohp/ vlqfh zh duh lqwhuhvwhg lq h{wuhpdo hyhqwv1 Qrwh wkdw wkh h{lvwhqfh ri wkh wzr
ixqfwlrqv frphv iurp wkh frqyhujhqfh ri wkh srlqw surfhvv QW @

�
W�4[l = l @ 4> 5

�
wrzdug d qrq0krprjhqhrxv

Srlvvrq surfhvv zkrvh lqwhqvlw| phdvxuh � lv frqvwudlqhg +Frohv dqg Wdzq ^4<<4`,1 Lq wklv sdshu/ wkh wzr
dxwkruv vkrz wkdw wkh h{wuhph elyduldwh glvwulexwlrq ri frpsrqhqwzlvh pd{lpd � zlwk xqlw Iuìfkhw pdujlqdov
� fdq dozd|v eh zulwwhq dv J +{4> {5, @ h{s +�� +{4> {5,,1 Lw lv Slfndqgv uhsuhvhqwdwlrq iru pxowlyduldwh
h{wuhph ydoxh glvwulexwlrqv49/ zkhuh wkh ixqfwlrq � pxvw eh krprjhqhrxv ri rughu �41 Wkh olqn zlwk h{wuhph
ydoxh frsxodv lv vwudljkwiruzdug=

49Wkh dvvxpswlrq ri kdylqj xqlw Iuìfkhw pdujlqv lv qrw uhvwulfwlyh vlqfh vxlwdeoh wudqvirupdwlrqv fdq eh dssolhg rwkhuzlvh1
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Li dq h{wuhph pxowlyduldwh glvwulexwlrq J zlwk xqlw Iuìfkhw pdujlqv dgplwv Slfndqgv uhsuhvhqwdwlrq/ wkhq
wkh frsxod F dvvrfldwhg wr wkh glvwulexwlrq lv dq h{wuhph ydoxh frsxod1

Lq vxppdu|/ erwk ri wkh wzr dssurdfkhv xvhv h{wuhph ydoxh wkhru| iru rewdlqlqj wkh irup ri wkh pxowlyduldwh
glvwulexwlrq1 Dv d uhvxow/ wkhlu ghshqghqfh ixqfwlrqv duh htxlydohqw iru kljk txdqwlohv1 Qhyhuwkhohvv/ wkhvh wzr
phwkrgrorjlhv kdyh frpsohwho| gl�huhqw srlqw ri ylhzv frqfhuqlqj wkh hvwlpdwlrq ri oI dqg )1 vwudhwpdqv
^4<<<` xvhv wkh idfw wkdw oI lv krprjhqhrxv ri rughu 4 � zklfk frphv iurp wkh krprjhqhlw| ri � � vr wkdw kh
fdq hvwlpdwh dv|pswrwlf suredelolwlhv lq wzr vwhsv1 Lq d �uvw wlph/ kh xvhv wkh odz ri odujh qxpehuv lq d zhoo
fkrvhq vdpsoh +zlwk d vx!flhqw qxpehu ri revhuydwlrqv, wr hvwlpdwh oI dqg wkhq frqvlghu pruh h{wuhph ohyhov
wkdqnv wr wkh krprjhqhlw| surshuw| oI+x4> x5, @ d�4oI+dx4> dx5,1 Qrwh wkdw wkh dv|pswrwlf fdvh fruuhvsrqgv
wr � @ 5� oI+4> 4,1 Wkh fuxfldo srlqw ri wklv phwkrgrorj| lv wkh fkrlfh ri wkh wkuhvkrog x4 @ x5 @ d�41 Rq wkh
frqwudu|/ Orqjlq dqg Vroqln ^4<<<` xvh d frpsohwh sdudphwulf phwkrg dqg vhw ) wr eh wkh orjlvwlf ixqfwlrq/
zklfk lv lq idfw wkh Jxpeho frsxod1 Diwhu kdylqj hvwlpdwhg � e| pd{lpxp olnholkrrg phwkrg/ � lv jlyhq e|
5� 5� +d zhoo0nqrz uhvxow iru wkh Jxpeho frsxod,1

Lq rxu srlqw ri ylhz/ wkh gl�huhqfh ehwzhhq wkh wzr dssurdfkhv frqfhuqv rqo| wkh hvwlpdwlrq phwkrg1 Zh
wklqn wkdw wkh frsxod iudphzrun lv wkh qdwxudo +dqg wkh pruh jhqhudo, dssurdfk iru prghoolqj h{wuhphv1 Lq wkh
qh{w sdudjudsk/ zh xvh d sdudphwulf phwkrgrorj| vlqfh zh duh lqwhuhvwhg lq wkh ghshqghqfh ehwzhhq uhwxuqv lq
jhqhudo qrw rqo| lq wkh dv|pswrwlf fdvh1 Rxu dssurdfk lv wr fkrrvh zlwklq wkh vsdfh ri h{wuhph ydoxh frsxodv
wkh rqh zklfk �wv wkh ehvw rxu gdwd udwkhu wkdq wr wdnh duelwudulo| rqh ri wkhp1 Lq rughu wr ghwhuplqh zklfk
frsxod lv wkh uljkw rqh/ zh xvh wkh phwkrgrorj| suhvhqwhg lq Gxuuohpdq/ Qlnhjkedol dqg Urqfdool ^5333`1
Wklv fdq eh glylghg lqwr wkuhh vwhsv=

� zh exlog d vhw ri sdudphwulf h{wuhph ydoxh frsxodv idplolhv>

� zh gh�qh wkh yhfwru ri wkh frpsrqhqwzlvh pd{lpd dqg hvwlpdwh wkh sdudphwhuv ri wkh pdujlqdov +dvvxplqj
wkh| duh JHY, dqg wkrvh ri wkh frsxod ixqfwlrqv e| pd{lpxp olnholkrrg phwkrg>

� zh hvwlpdwh wkh Ghkhxyhov frsxod +vhh wkh sdudjudsk 61715, dqg frpsduh wkh glvwdqfh ehwzhhq wkh hpslulfdo
frsxod dqg wkh gl�huhqw �wwhg frsxodv1 Zh wkhq fkrrvh wkh frsxod zklfk plqlpl}hv wkh glvfuhwh c5 qrup1

Wkh �wwhg frsxod fdq wkhq eh xvhg wr frpsxwh � +�, iru � forvh wr rqh/ dqg wkh dv|pswrwlf fdvh �1

Looxvwudwlrq zlwk wkh lqglfhv FDF73 dqg GrzMrqhv Lq wklv sdudjudsk/ zh jlyh vrph uhvxowv ri rxu
phwkrgrorj| zlwk wkh lqglfhv FDF73 dqg GrzMrqhv1 Wkh vhw ri h{wuhph ydoxh frsxodv lv wkh iroorzlqj=

Frsxod � F +x4> x5,
FB x4x5

Jxpeho ^4>4, h{s

�
�
�
�x�4 . �x�5

� 4
�

�

Jdodperv ^3>4, x4x5 h{s

��
�x��4 . �x��5

�� 4
�

�
K vohu0Uhlvv ^3>4, h{s ^��x4�+}4,� �x5�+}5,`

Pduvkdoo0Ronlq ^3> 4`5 x
4��4
4 x

4��5
5 plq

�
x
�4
4 > x

�5
5

�
F. plq +x4> x5,

Qrupdo ^�4> 4` ��+��4 +x4, >��4 +x5,,

zlwk �x @ � oqx/ }4 @ ��4 . 3=8� oq +�x4@�x5, dqg }5 @ ��4 . 3=8� oq +�x5@�x4,1

Lw lv lpsruwdqw wr qrwh wkdw wkh Qrupdo frsxod lv qrw dq h{wuhph ydoxh frsxod1 Exw/ lw lv uhwdlqhg lq wkh vhw
ehfdxvh ri wkh lpsruwdqfh ri wkh jdxvvldq vwuxfwxuh lq wudglwlrqdo hpslulfdo vwxglhv1 Zh zloo vhh wkdw dffruglqj
wr wkh uhvxowv ri wkh odvw sdudjudsk/ wkh hpslulfdo frsxod lv ehvw �wwhg e| h{wuhph frsxodv wkdq e| wkh jdxvvldq
rqh1 Zh dovr fkrrvh wkh Jxpeho/ Jdodperv dqg K vohu0Uhlvv frsxodv ehfdxvh wkh| duh doo h{wuhph frsxodv dqg
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Frsxod � Qrupdol}hg c5 qrup
FB 8=85 �43�5

Jxpeho 418: 4=37 �43�5
Jdodperv 31;8 4=35 �43�5
K vohu0Uhlvv 4159 4=39 �43�5
Pduvkdoo0Ronlq +3=84> 3=95, 4=63 �43�5

F. 8=96 �43�5
Qrupdo 315; 6=35 �43�5

Wdeoh 5= Uhvxowv zlwk 58 wudglqj gd|v

Frsxod � Qrupdol}hg c5 qrup
FB 8=87 �43�5

Jxpeho 4186 4=7; �43�5
Jdodperv 31;5 4=79 �43�5
K vohu0Uhlvv 415; 4=76 �43�5
Pduvkdoo0Ronlq +3=85> 3=94, 4=:< �43�5

F. 8=;: �43�5
Qrupdo 315; 6=54 �43�5

Wdeoh 6= Uhvxowv zlwk 83 wudglqj gd|v

wdnh lqwr dffrxqw wkh fdvhv ri lqghshqghqfh dqg wrwdo ghshqghqfh1 Wkhvh wkuhh frsxodv duh doo v|pphwulf lq
x4 dqg x51 Ilqdoo|/ zh dgg wkh Pduvkdoo0Ronlq frsxod zklfk lv dovr h{wuhph exw suhvhqwv wkh dgydqwdjh wr wr eh
dv|pphwulf1

Wr fkrrvh wkh uljkw frsxod/ zh dsso| wkh Gxuuohpdq/ Qlnhjkedol dqg Urqfdool ^5333` phwkrgrorj|1
Wkxv/ zh pxvw fuhdwh wkh yhfwru ri wkh frpsrqhqwzlvh pd{lpd +khuh zh zloo irfxv rq ehdu pdunhwv dqg vr
frqvlghu rqo| h{wuhph qhjdwlyh uhwxuqv,1 Zh xvh wzr vl}hv ri eorfnv +zklfk fruuhvsrqgv wr 58 dqg 83 wudglqj
gd|v,1 Wkh uhvxowv rq wkh FDF73 dqg GrzMrqhv duh jlyhq lq wkh wdeohv 5 dqg 61 Zh vhh rq wklv h{dpsoh wkdw
wkh gl�huhqw frsxodv fdq eh udqnhg e| lqfuhdvlqj h!flhqf| lqwr irxu jurxsv=

41 wkh surgxfw dqg xsshu Iuìfkhw frsxodv/

51 wkh Qrupdo frsxod/

61 wkh Pduvkdoo0Ronlq frsxod/

71 dqg wkh Jxpeho/ Jdodperv dqg K vohu0Uhlvv frsxodv1

Wkhuh duh qr vljql�fdwlyh gl�huhqfhv ehwzhhq wkhvh odvw wkuhh frsxodv1 Wkh edg udqnv ri wkh surgxfw dqg xsshu
Iuìfkhw frsxodv uhvxowv ri frxuvh iurp wkh qrq0sdudphwulf qdwxuh ri wkhvh wzr frsxodv1 Ilqdoo|/ dffruglqj wr wkh
h{wuhph ydoxh wkhru|/ zh fdq xqghuolqh wkdw wkh fkrlfh ri wkh Qrupdo frsxod lv qrw rswlpdo1 Zh wkhq fkrrvh
wkh Jdodperv frsxod wr hvwlpdwh �+�,1 Lq �jxuh </ zh kdyh sorwwhg �+�, iru � � 3=; erwk zlwk wkh fhqwudo
olplw wkhruhp +FOW, dqg wkh Jdodperv frsxod1 Rxu phwkrgrorj| fohduo| vkrzv wkdw wkhuh lv d skhqrphqd ri
ghshqghqfh ehwzhhq wkh wzr lqglfhv gxulqj h{wuhph hyhqwv +zkhq wkh dvvrfldwhg suredelolw| lv ohvv wkdq 53(,1
Xqwlo yhu| kljk txdqwlohv +deryh <<(, duh uhdfkhg/ rqh fdq uho| rq FOW vlqfh wkh qxpehu ri revhuydwlrqv uhpdlqv
lpsruwdqw +dozd|v deryh 63,1 Krzhyhu/ lq fdvh ri elj h{wuhpdo hyhqwv +qdpho|/ wkh wkluw| eljjhvw yduldwlrqv ri
wkh odvw ghfdgh,/ wkhuh duh qrw hqrxjk revhuydwlrqv dqg vr/ zh pxvw xvh wkh uhvxowv ri h{wuhph ydoxh wkhru|1
Khuh/ wkhvh uhvxowv vkrz wkdw ghshqghqfh zdv hyhq vwurqjhu gxulqj h{wuhph shulrgv1 Zkhuhdv wkh xqfrqglwlrqdo
suredelolw| whqgv wr eh qxoo/ wkh frqglwlrqdo suredelolw| � lv durxqg 73(1

Rqh frqyhqlhqw zd| ri ylvxdol}lqj wklv ghshqghqfh gxulqj h{wuhph fulvlv +kljk wkuhvkrog, lv wr xvh idloxuh
duhdv +vhh Erx|ì/ Gxuuohpdq/ Qlnhjkedol/ Ulerxohw dqg Urqfdool ^5333` iru d frpsohwh wuhdwphqw ri
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Uhwxuq wlph +lq |hduv,
Gdwh FDF73 GrzMrqhv HYW JG +L, JG +LL,

4324<24<;: �43=47( �58=96( 438=:< 4=77� 4347 [
4325424<;: .4=;3( .<=9:( 4;=47 5=;;� 4347 [
4325924<;: �;=78( �;=6;( <=4; 4=;3� 4346 5=:3� 4346

4423<24<;: �44=98( �6=43( ;=45 5=63� 43< 5=86� 4343

3423424<<5 .;=5;( .8=:4( 9=;8 4=99� 43; 4=9<� 43;

3423524<<5 �<=4;( �8=8<( 9=6< 5=<9� 43< 6=3<� 43<

3423724<<5 .<=;:( .7=;6( :=39 5=38� 43< 5=39� 43<

Wdeoh 7= Uhwxuq wlph ri h{wuhph uhwxuqv

wklv wrslf,1 D idloxuh duhd zlwk d uhwxuq wlph V lv gh�qhg dv wkh vhw +{4> {5, vxfk dv Sui[5 A {5> [4 A {4j ? 4
X
1

Lq �jxuh 43/ zh vhw V htxdo wr 8 |hduv1 Lw lpsolhv wkdw wkh phdq gxudwlrq ri wkh hyhqw +[5 A {5> [4 A {4, lv
�yh |hduv1 Zh kdyh uhsuhvhqwhg wkh idloxuh duhdv iru erwk ehdu dqg exoo pdunhwv rewdlqhg zlwk wkh Jdodperv
frsxod1 Wr jlyh dq lghd derxw wkh vxshulrulw| ri h{wuhph ydoxh wkhru| phwkrg rq d phwkrgrgrorj| edvhg rq
wkh pxowlyduldwh jdxvvldq glvwulexwlrq/ zh kdyh frpsxwhg wkh uhwxuq wlph ri wkh prvw h{wuhph uhwxuqv ri wkh
gdwdedvh1 Wkh uhvxowv duh uhsruwhg lq wdeoh 71 Zh fdq frpsduh wkh rewdlqhg uhvxowv +HYW, zlwk wkhvh frpsxwhg
li zh dvvxph wkdw wkh elyduldwh glvwulexwlrq lv qrupdo1 Ehfdxvh zh kdyh uduh hyhqwv/ wkh suredelolwlhv duh yhu|
vpdoo lq wkh jdxvvldq fdvh1 Zh idfh vrph qxphulfdo sureohpv derxw frpsxwlqj vr vpdoo suredelolwlhv1 Vr zh zh
kdyh uhsruwhg wzr ydoxhv/ rqh edvhg rq wkh jdxvvldq fgi +JG +L,,/ wkh rwkhu edvhg rq wkh orjdulwkp jdxvvldq
fgi +JG +LL,,4: 1

Iljxuh <= Frpsdulvrq ri � +�, frpsxwhg zlwk wkh Jdodperv frsxod dqg wkh hpslulfdo phwkrg

4:Doo wkh frpsxwdwlrq kdyh ehhq grqh zlwk wkh JDXVV fgieyq dqg oqfgieyq surfhgxuhv1
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Iljxuh 43= Idloxuh duhd iru d �yh |hduv uhwxuq wlph

61715 Frpsdulqj wkh ghshqghqfh ehwzhhq dvvhw uhwxuqv

Lq wkh suhylrxv sdudjudsk/ zh kdyh frqfhqwudwhg rq h{wuhph uhwxuqv1 Vrphwlphv/ zh kdyh wr frpsduh wkh
ghshqghqfh vwuxfwxuh ehwzhhq wzr shulrgv ru ehwzhhq wzr elyduldwh vhulhv iru doo ri wkh glvwulexwlrq1 Zh fdq
wkhq xvh wzr phwkrgv edvhg rq frsxodv1 Wkh �uvw rqh lv uhodwhg wr wkh frqfrugdqfh rughu/ zkhuhdv wkh vhfrqg
rqh lv edvhg rq txdqwloh uhjuhvvlrq1 Qrwh wkdw zh fdq xvh wkhvh wzr phwkrgv lq d sdudphwulf iudphzrun +e|
hvwlpdwlqj d sdudphwulf frsxod, ru lq d qrq0sdudphwulf iudphzrun +xvlqj wkh hpslulfdo frsxod lqwurgxfhg e|
Ghkhxyhov ^4<:<`,1

Wkh frqfrugdqfh rughu phwkrg Vxssrvh wkdw zh zdqw wr frpsduh wkh ghshqghqfh ri d elyduldwh �qdqfldo
vhulhv ehwzhhq wzr shulrgv/ ru wkh ghshqghqfh ri wzr elyduldwh �qdqfldo vhulhv1 Ohw F4 dqg F5 eh wkh wzr
xqghuo|lqj ghshqghqfh ixqfwlrqv1 Wkh prvw vlpsoh fdvh lv zkhq zh kdyh

F4 +x4> x5, � F5 +x4> x5, +85,

iru doo +x4> x5, 5 ^3> 4`1 Lq wklv fdvh/ zh fdq frqfoxgh wkdw wkh ghshqghqfh lq wkh �uvw shulrg +uhvshfwlyho| ri
wkh �uvw elyduldwh �qdqfldo vhulhv, lv vwurqjhu wkdq wkh ghshqghqfh lq wkh vhfrqg shulrg +uhvshfwlyho| ri wkh
vhfrqg elyduldwh �qdqfldo vhulhv,1 Krzhyhu/ dv zh kdyh vdlg suhylrxvo|/ zh fdq qrw dozd|v frpsduh wzr frsxod
ixqfwlrqv1 Lq �jxuhv 44 dqg 45/ zh kdyh uhsuhvhqwhg wkh uhjlrq zkhuh wkh uhodwlrq F4 +x4> x5, � F5 +x4> x5,
grhv qrw zrun iru gl�huhqw sdluv ri frsxodv1 Lw grhv fruuhvsrqg wr gdun duhdv1 Lq jhqhudo/ zh uhpdun wkdw wkh
uhjlrq lv fohduo| gholplwhg1 Lw frxog eh orfdol}hg lq fruqhuv +3> 3,/ +3> 4,/ +4> 3, dqg +4> 4,1 Ru lw frxog eh d pruh
frpsolfdwhg duhd1 Wklv w|sh ri dqdo|vlv lqglfdwhv xv wkh uhjlrqv zkhuh zh kdyh orfdoo| d vwurqjhu ghshqghqfh1
Lw fdq eh frpsohwhg e| d txdqwloh0ghshqghqw phdvxuh1 Suhylrxvo|/ zh kdyh lqwurgxfhg wkh txdqwloh0ghshqghqw
phdvxuh ri wkh xsshu wdlo

� +x, @ Su iX4 A x m X5 A xj @ 4� 5x.F +x> x,

4� x
+86,
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Exw/ zh fdq gh�qh pdq| rwkhu txdqwloh0ghshqghqw phdvxuhv/ iru h{dpsoh

�+3>3, +x, @ Su iX4 ? 4� x m X5 ? 4� xj @ F +4� x> 4� x,

4� x

�+ 45 >3,
+x, @ Su

�
X4 ?

4

5
m X5 ? 4� x

�
@

F
�
4
5 > 4� x

�
4� x

�+4>3, +x, @ Su iX4 A x m X5 ? 4� xj @ 4� F +x> 4� x,

4� x

�+4> 45 ,
+x, @ Su

�
X4 A x m X5 ?

4

5

�
@ 4� 5F

�
x>

4

5

�

�+4>4, +x, @ Su iX4 A x m X5 A xj @ 4� 5x.F +x> x,

4� x

�+ 45 >4,
+x, @ Su

�
X4 ?

4

5
m X5 A x

�
@

4
5 �F

�
4
5 > x

�
4� x

�+3>4, +x, @ Su iX4 ? 4� x m X5 A xj @ 4� F +4� x> x,

4� x

�+3> 45 ,
+x, @ Su

�
X4 ? 4� x m X5 ?

4

5

�
@ 5F

�
4� x>

4

5

�
+87,

�+d>e, ghqrwhv wkh txdqwloh0ghshqghqw phdvxuh zkhq X4 jrhv wrzdugv d jlyhq wkdw X5 jrhv wrzdugv e1 Zh kdyh
uhsuhvhqwhg judsklfdoo| wkh gluhfwlrqv ri wkhvh txdqwloh ghshqghqw phdvxuhv lq �jxuh 461 Wkhvh phdvxuhv fdq
eh xvhg wr yhuli| wkh vwuhqjwk ri wkh idloxuh ri wkh dvvxpswlrq +85,1 Iru h{dpsoh/ zh uhpdun wkdw hyhq li wkh
uhodwlrqvkls +85, lv qrw yhul�hg e| wkh Qrupdo frsxod zlwk � @ 3=: dqg wkh Iudqn frsxod zlwk � @ 3=8 +vhh �jxuh
44,/ wkh frqglwlrqdo suredelolwlhv ri wkh idloxuh uhjlrq duh yhu| forvhg +vhh �jxuh 47,1 Zh frxog wkhq frqvlghu
wkdw wkh Qrupdo frsxod lv d pruh ghshqghqw ixqfwlrq wkdq wkh Iudqn frsxod1

Wkh uhjuhvvlrq txdqwlohv phwkrg Nrhqnhu dqg Edvvhw ^4<:;` lqwurgxfh uhjuhvvlrq txdqwlohv dv dq h{0
whqvlrq ri wkh fodvvlfdo phgldq uhjuhvvlrq1 Zh qrwh {5 @ t +{4>�, wkh uhjuhvvlrq txdqwlohv fxuyh ri [5 rq [4/
zklfk lv gh�qhg e|

Su i[5 � {5 m [4 @ {4j @ � +88,

Xvlqj wkh lqwhjudo wudqvirupv X4 @ I4 +[4, dqg X5 @ I5 +[5,/ zh kdyh

Su
�
[5 � I�45 +x5, m [4 @ I�44 +x4,

�
@ � +89,

zlwk {4 @ I�44 +x4, dqg {5 @ I�45 +x5,1 Lw frphv wkdw wkh uhjuhvvlrq txdqwlohv fxuyh ri [5 rq [4 lv htxlydohqw
wr vroyh wklv iroorzlqj sureohp

Su iX5 � x5 m X4 @ x4j @ � +8:,

ru

C

Cx4
F +x4> x5, @ � +8;,

Li zh qrwh x5 @ tB +x4>�, wkh vroxwlrq ri wklv htxdwlrq/ zh kdyh

{5 @ I�45 +tB +I4 +{4, >�,, +8<,

dqg vr t +{>�, @ I�45 +tB +I4 +{, >�,,1
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Iljxuh 44= Frpsdulvrq ri ghshqghqfh ixqfwlrqv +L,

Iljxuh 45= Frpsdulvrq ri ghshqghqfh ixqfwlrqv +LL,
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Iljxuh 46= Gluhfwlrqv ri wkh txdqwloh ghshqghqw phdvxuhv

Iljxuh 47= H{hpsohv ri txdqwloh ghshqghqw phdvxuhv
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Lq vrph fdvhv/ zh fdq �qg wkh dqdo|wlfdo h{suhvvlrq ri tB1 Iru h{dpsoh/ Jhqhvw ^4<;:` jlyhv wkh vroxwlrq
iru wkh Iudqn frsxod1 Lw lv gh�qhg dv

F +x4> x5, @ � 4

�
oq

#
4 .

�
h��x4 � 4

� �
h��x5 � 4

�
h�� � 4

$
+93,

Lw frphv wkdw

C

Cx4
F +x4> x5, @

h��x4
�
h��x5 � 4

�
+h�� � 4, . +h��x4 � 4, +h��x5 � 4,

+94,

Wkh uhjuhvvlrq txdqwlohv ixqfwlrq x5 @ tB +x4>�, lv wkhq

x5 @ � 4

�
oq

#
4 .

�
�
h�� � 4

�
�. h��x4 +4� �,

$
+95,

Lq wkh fdvh ri wkh Qrupdo frsxod/ Erx|ì/ Gxuuohpdq/ Qlnhjkedol/ Ulerxohw dqg Urqfdool ^5333` vkrz
wkdw

C

Cx4
F +x4> x5, @ �+), +96,

zlwk

) @
��4 +x5,� ���4 +x4,s

4� �5
+97,

Wkh h{suhvvlrq ri wkh ixqfwlrq x5 @ tB +x4>�, lv dovr

x5 @ �

�
���4 +x4, .

t
4� �5��4 +�,

�
+98,

Qrwh wkdw li wkh pdujlqv duh jdxvvldqv/ zh rewdlq wkh zhoo0nqrzq uhjuhvvlrq fxuyh

[5 @

�
�5 � �

�5
�4

�4 .

t
4� �5��4 +�,

�
. �

�5
�4

[4 +99,

Zh uhpdun wkdw wkh uhodwlrqvkls lv olqhdu dqg frxog eh zulwwhq dv [5 @ d . e[41 Zkhq wkh pdujlqv duh
qrw jdxvvldqv/ wkh uhodwlrqvkls lv olqhdu lq wudqviruphg udqgrp yduldeohv \4 @

�
��4 �I4

�
+[4, dqg \5 @�

��4 �I5

�
+[5,1

Lq �jxuh 48/ zh kdyh uhsruwhg wkh txdqwloh uhjuhvvlrq fxuyhv iru gl�huhqw frsxodv +Iudqn/ Qrupdo dqg Jxpeho,
dqg gl�huhqw pdujlqv +xqlirup/ jdxvvldq dqg vwxghqw,1 Iru wkh Jxpeho frsxod/ dq dqdo|wlfdo h{suhvvlrq lv qrw
dydlodeoh dqg vr zh xvh d urrw �qglqj surfhgxuh1 Wkh sdudphwhuv ri wkh wkuhh frsxodv kdyh ehhq fkrrvhq vxfk
wkdw wkh| kdyh wkh vdph Vshdupdq*v ukr/ zklfk lv htxdo wr :8(1 Zh uhpdun wkh lq xhqfh ri wkh pdujlqv rq
wkh fxuyhv1 Lq idfw/ lw dsshduv wkdw wkh lqwhusuhwdwlrq ri tB lv pruh hdv| wkdq wklv ri t/ ehfdxvh wkh ydoxhv x4
dqg x5 duh wkh txdqwlohv ri [4 dqg [51

Zh �qlvk wklv sdudjudsk e| vrph uhpdunv derxw wzr phwkrgv iru hvwlpdwlqj uhjuhvvlrq txdqwlohv1 Wkh �uvw
rqh +UT, lv edvhg rq wkh dojrulwkp ri Sruwqr| dqg Nrhqnhu ^4<<:`1 Wklv hvwlpdwlqj phwkrg lv zhoo nqrzq
lq Hfrqrphwulfv1 Lw dvvxphv wkdw wkh uhodwlrqvkls ehwzhhq [4 dqg [5 lv olqhdu1 Wkh vhfrqg rqh lv edvhg rq
orfdo uhjuhvvlrqv ri \x dqg Mrqhv ^4<<;`/ zklfk fdq eh olqhdu +OOU, ru txdgudwlf +TOU,1 Zh frqvlghu wkh fdvh
zkhuh wkh frsxod lv Qrupdo +� @ 3=8, dqg wkh pdujlqv duh jdxvvldqv1 Zh kdyh uhsruwhg lq �jxuh 49 wkh uhvxowv
jlyhq e| wkhvh phwkrgv rq d vlpxodwlrq zlwk 8333 revhuydwlrqv1 Zh uhpdun wkdw wkh wzr phwkrgv jlyh jrrg
uhvxowv1 Lq �jxuh 4:/ wkh frsxod lv wkh vdph/ zkhuhdv wkh pdujlqv ri [4 dqg [5 duh uhvshfwlyho| Vwxghqw zlwk
sdudphwhu htxdo wr 5 dqg Jdppd zlwk sdudphwhu htxdo wr 4181 Lq wklv fdvh/ zh uhpdun wkdw wkh UT phwkrg lv
qrw dssursuldwh/ ehfdxvh wkh uhodwlrqvkls ehwzhhq [4 dqg [5 lv qrw olqhdu1 Rq wkh frqwudu|/ orfdo uhjuhvvlrqv
jlyh vrph jrrg uhvxowv1
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Iljxuh 48= Uhjuhvvlrq txdqwlohv zlwk gl�huhqw frsxod ixqfwlrqv

Iljxuh 49= Hvwlpdwlqj uhjuhvvlrq txdqwlohv +L,
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Iljxuh 4:= Hvwlpdwlqj uhjuhvvlrq txdqwlohv +LL,

Uhpdun 8 Li zh dvvxph wkdw wkh ghshqghqfh ixqfwlrq lv Qrupdo/ zh fdq xvh wkh Sruwqr|0Nrhqnhu dojrulwkp
zlwk wkh wudqviruphg yduldeohv \l @

�
��4 �Il

�
+[l,1 Ohw ad dqg ae eh wkh hvwlpdwhv ri wkh olqhdu txdqwloh uhjuhvvlrq�
\5 @ d. e\4 . x
Su i\5 � e\4j @ �

+9:,

Wkh txdqwloh uhjuhvvlrq fxuyh ri [5 rq [4 lv wkhq rewdlqhg dv iroorzv

[5 @ I�45

�
�
�
ad.ae��4 +I4 +[4,,

��
+9;,

Li wkh pdujlqv duh qrw nqrzq/ zh fdq hvwlpdwh wkhp ru zh fdq xvh wkh hpslulfdo glvwulexwlrqv1 Zh kdyh
lpsohphqwhg wklv wudqvirupdwlrq zlwk wkh suhylrxv h{dpsoh/ dqg lw jlyhv yhu| jrrg uhvxow +vhh �jxuh 4;,1

Wkh Ghkhxyhov frsxod Ohw [ @ i+{w4> {w5,jWw@4 eh d vdpsoh ri wkh udqgrp yhfwru +[4> [5,1 Wkh hpslulfdo
+ru Ghkhxyhov, frsxod lv jlyhq e|

aF+W ,

�
w4
W
>
w5
W

�
@

4

W

W[
w@4

4k
{w4�{

+w4,
4 >{w5�{

+w5,
5

l +9<,

zkhuh {+w,q lv wkh rughu vwdwlvwlfv1 Wkh hvwlpdwlrq ri wkh Ghkhxyhov frsxod lv wkhq hdv| wkdqn wr d udqn surfhgxuh1
Qrwh wkdw wkh hpslulfdo frsxod lv rqo| gh�qhg rq odwwlfh 1 @

��
w4
W
> w5
W

�
= wq @ 3> = = = > W

�
1 Ghkhxyhov ^4<:<`

vkrzv wzr ixqgdphqwdov surshuwlhv=

41 Wkh hpslulfdo frsxod aF gh�qhg rq 1 lv lq glvwulexwlrq lqghshqghqw ri wkh pdujlqv I4 dqg I51
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Iljxuh 4;= Hvwlpdwlqj uhjuhvvlrq txdqwlohv +LLL,

51 Li aF+W , lv dq| hpslulfdo frsxod ri rughu W / wkhq aF+W , $ F1

Wkh Ghkhxyhov frsxod lv yhu| lpsruwdqw/ ehfdxvh lw fdq eh ylhzhg dv wkh qrq sdudphwulf frsxod ri wkh gdwd1
Zh fdq xvh lw lq frqmxqfwlrq zlwk wkh suhylrxv phwkrgv1 Krzhyhu/ zh fdq idfh vrph sureohpv1 Iru h{dpsoh/ li
zh zrxog olnh wr frpsduh wkh wzr Ghkhxyhov frsxod aF4 dqg aF5/ zh zloo fkhfn wkh uhodwlrqvkls

aF4 +x4> x5, � aF5 +x4> x5, +:3,

iru doo +x4> x5, 5 14

W
151 Zkhq 14 @ 15 +wklv lv wkh fdvh zkhq zh zdqw wr frpsduh wzr elyduldwh dvvhw

uhwxuqv rq wkh vdph shulrg, ru 14 � 15/ zh kdyh qr gl!fxow| wr shuirup wkh frpsdulvrq1 Lq wkh rwkhu
fdvhv/ wkh odwwlfhv fdq qrw eh frpsdwleoh1 Zh fdq wkhq xvh dssur{lpdwlrq ri frsxodv/ olnh wkh Ehuqvwhlq ru
Fkhfnhuerdug phwkrgv +Ol/ Plnxvl�qvnl/ Vkhuzrrg dqg Wd|oru ^4<<:`,1 Lq wklv fdvh/ wkh dssur{lpdwhg
frsxod lv gh�qhg iru doo +x4> x5, 5 ^3> 4`51 Pruhryhu/ wkhvh dssur{lpdwlrqv duh xvhixo lq wkh fdvh ri txdqwloh
uhjuhvvlrqv/ ehfdxvh Gxuuohpdq/ Qlnhjkedol dqg W1 Urqfdool ^5333` surylgh dqdo|wlfdo h{suhvvlrqv ri wkh
frqglwlrqdo suredelolwlhv +vhh ^56`,1

Looxvwudwlrq zlwk wkh lqglfhv FDF73/ GrzMrqhv dqg QLNNHL Zh frqvlghu wkh uhwxuqv ri wkh lqglfhv
FDF73/ GrzMrqhv dqg QLNNHL iurp 42724<;; wr 432<253331 Lq �jxuh 4</ zh lqglfdwh lq eodfn wkh uhjlrq zkhuh
wkh uhodwlrqvkls aF+���ef>#L�aL?it, " aF+�Wkk,W>#L�aL?it, grhv qrw krog1 Zh uhpdun wkdw wklv uhjlrq lv wlq|1 Zh
fdq wkhq vd| wkdw wkh ghshqghqfh ixqfwlrq ehwzhhq wkh lqglfhv FDF73 dqg GrzMrqhv lv vwurqjhu wkdq wkh
rqh ehwzhhq wkh lqglfhv QLNNHL dqg GrzMrqhv1 Pruhryhu/ zh kdyh uhsruwhg wkh txdqwloh0ghshqghqw phdvxuh
�+3>3, +x, dqg �+4>4, +x, wr frpsduh wkh ehkdylrxu ri wkh ehdu dqg exoo pdunhwv1 Lw lv reylrxv wkdw h{wuhph
uhwxuqv duh pruh ghshqghqw ehwzhhq wkh lqglfhv FDF73 dqg GrzMrqhv wkdq wkh lqglfhv QLNNHL dqg GrzMrqhv1
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Zh uhvwulfw qrz wkh vwxg| wr wkh shulrg ehiruh 42424<<31 Li zh hvwlpdwh wkh fruuhodwlrq pdwul{/ zh rewdlq

a� @

5
7 4 3=48; 3=4:8

4 3=38;<
4

6
8 +:4,

Li zh dvvxph wkdw wkh udqgrp yhfwru ri wkh wulyduldwh dvvhw uhwxuqv lv qrupdo/ lw phdqv wkdw

F+���ef>�Wkk,W, " F+���ef>#L�aL?it, " F+�Wkk,W>#L�aL?it,

Li qrz/ zh rqo| vxssrvh wkdw wkh ghshqghqfh lv Qrupdo +zlwkrxw dvvxpswlrqv rq pdujlqv,/ zh fdq hvwlpdwh wkh
sdudphwhu pdwul{ � ri wkh 60glphqvlrqdo Qrupdo frsxod1 Zh rewdlq

a� @

5
7 4 3=53: 3=48:

4 3=3<95
4

6
8

Lq wklv fdvh/ zh yhuli| wkdw

F+���ef>#L�aL?it, " F+���ef>�Wkk,W, " F+�Wkk,W>#L�aL?it,

Wkh rughu ri wkh ghshqghqfh kdv fkdqjhg1 Wklv olwwoh h{dpsoh vkrzv wkdw dvvxplqj d qrupdo glvwulexwlrq fdq
ohdg wr elj huuruv ri lqwhusuhwlqj wkh ghshqghqfh ixqfwlrqv1 Lq �jxuh 53/zh kdyh uhsuhvhqwhg wkh uhjlrq zkhuh wkh
Ghkhxyhov frsxod lv vwurqjhu wkdq wkh ghshqghqfh ixqfwlrq lqgxfhg iurp wkh qrupdo glvwulexwlrq1 Zh uhpdun
wkdw wkh uhjlrq lv yhu| odujh1 Lw lqglfdwhv reylrxvo| wkdw wkh ghshqghqfh ixqfwlrq kdv ehhq xqghuhvwlpdwhg e|
wkh jdxvvldq dvvxpswlrq1

Iljxuh 4<= Frpsdulvrq ri ghshqghqfh ixqfwlrqv aF+���ef>#L�aL?it, dqg aF+�Wkk,W>#L�aL?it,
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Iljxuh 53= Frpsdulvrq ri ghshqghqfh ixqfwlrqv aF+���ef>#L�aL?it, dqg wkh frsxod lqgxfhg e| wkh qrupdo dvvxps0
wlrq

7 Dq dssolfdwlrq= wkh Dvldq fulvlv uhylvlwhg

714 Wkh Dvldq fulvlv= suhylrxv hylghqfh

Lq wklv sdudjudsk/ zh ehjlqqlqj e| d vkruw uhfdoo ri wkh fkurqrorj| ri wkh Dvldq fulvlv1 Pruh ghwdlohg ghvfulswlrqv
fdq eh irxqg lq Ndplqvn| dqg Vfkpxnohu ^4<<<` ru Udghohw dqg Vdfkv ^4<<;` dqg hvshfldoo| lq Urxelql ^4<<;`1
Wkhq zh uhylhz h{lvwlqj hpslulfdo vwxglhv1

71414 D vkruw fkurqrorj| ri wkh Dvldq fulvlv

Wkh ehjlqqlqj ri wkh Dvldq fulvlv lv jhqhudoo| dvvrfldwhg zlwk wkh ghydoxdwlrq ri wkh Wkdl edwk rq Mxo| 5/ 4<<:
diwhu vxffhvvlyh vshfxodwlyh dwwdfnv dqg wkh uhvljqdwlrq ri wkh Wkdlodqg*v Ilqdqfh Plqlvwhu Yludyd � d juhdw
vxssruwhu ri wkh shj wr wkh groodu1

Lq wkh iroorzlqj gd|v/ ydulrxv qhljkerxulqj frxqwulhv zhuh dwwdfnhg ohdglqj wr dedqgrqphqwv ri shjv ru
ghydoxdwlrqv +Pdod|vldq ulqjlww/ Sklolsslqh shvr/ Vlqjdsruh groodu,1 Rq Dxjxvw 47/ Lqgrqhvld ohw wkh uxsldk
 rdw1 Wkh iroorzlqj gd|/ vshfxodwruv dwwdfn Nrqj Nrqj groodu1 Wr ghihqg lwv fxuuhqf|/ wkh fhqwudo edqn lv
reoljhg wr lqfuhdvh lwv ryhuqljkw lqwhuhvw udwhv xs e| 483 edvlv srlqwv1 Rq Rfwrehu 47/ wkh Wdlzdq groodu lv
ghydoxdwhg/ fuhdwlqj grxewv derxw wkh vxvwdlqdelolw| ri wkh Krqj Nrqj groodu shj1 Wkh iroorzlqj zhhn/ wkh
Kdqj Vhqj Lqgh{ +Krqj Nrqj, orvw durxqg d txduwhu ri lwv ydoxh lq irxu gd|v1 Rq Rfwrehu 5:/ wkh fulvlv vsuhdgv
doo ryhu wkh zruog zlwk/ iru h{dpsoh/ wudglqj vxvshqghg lq Zdoo Vwuhhw dqg eljjhvw vlqjoh0gd| orvvhv lq Eud}lo/
Dujhqwlqd dqg Ph{lfr1 Gxulqj wkh gd|v iroorzlqj wkh dqqrxqfhphqw ri dq djuhhphqw ehwzhhq Lqgrqhvld dqg
LPI iru d �qdqfldo vxssruw sdfndjh/ Dvldq vwrfn pdunhwv vwduwhg wr uhfryhu vkduso|1

Rq Qryhpehu : dqg wkh gd|v diwhupdwk/ dwwhqwlrq ehjdq wr irfxv rq Vrxwk Nruhd zklfk khdylo| lqwhuyhqhg
wr vxvwdlq lwv fxuuhqf|1 Dvldq dqg Odwlq Dphulfdq vwrfn pdunhwv vx�huhg iurp vxevwdqwldo orvvhv1 Rq Qryhpeuh
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53/ wkh Vrxwk Nruhdq zrq orvw durxqg 43( ri lwv ydoxh/ iroorzhg e| prvw rwkhu uhjlrqdo fxuuhqflhv +doehlw lq
vpdoohvw idoov,1 Rq Ghfhpehu 6/ wkh zrq/ uxsldk/ edkw dqg ulqjjlw fudvkhg wr doo0wlph orzv djdlqvw wkh groodu1 Rq
Ghfhpehu </ uxpruv wkdw Lqgrqhvld*v Suhvlghqw Vxkduwr lv judyho| loo sursdjdwhg1 Wkh zrq dwwdlqhg d qhz uhfrug
orz1 Lq wkh hqg ri wkh |hdu/ wkh dqqrxqfhphqwv ri �qdqfldo vxssruw wr Nruhd iurp ohdglqj �qdqfldo lqvwlwxwlrqv
dqg vshhg| glvexuvhphqwv ri wkh LPI dlg sdfndjh shuplwwhg wr uhfryhu1 Rq Mdqxdu|/ ;/ 4<<;/ dwwhqwlrq wxuqhg
wr Lqgrqhvld zkhuh wkh fxuuhqf| dqg vwrfn pdunhw ihoo e| 59( dqg 45( uhvshfwlyho|1 Rq wkh iroorzlqj gd|/ wkh
dqqrxqfhphqw ri d frpplwphqw ri Suhvlghqw Vxkduwr wr lpsohphqw hfrqrplf uhirupv dwwdfkhg wr wkh �qdqfldo
dlg sdfndjh ri wkh LPI khoshg wkh uxsldk wr uhfryhu vkduso|1 E| wkh plg ri wkh prqwk/ wkh lqyhvwruv dgrswhg
pruh rswlplvwlf ylhzv derxw Vrxwkhdvw Dvld zlwk wkh h{fhswlrq ri wkh uxsldk1 Iurp Iheuxdu| wr wkh hqg ri
Dsulo/ pdunhwv dowhuqdwhg shulrgv ri idoov dqg shulrgv ri uhfryhu/ exw lq d frqwh{w ri yhu| yrodwloh pdunhwv1 Pd|
zdv pdunhg e| srolwlfdo hyhqwv dqg ulrwv lq Lqgrqhvld dqg dvvrfldwhg vkdus idoov lq wkh uxsldk1

Wkh hqg ri wkh Dvldq fulvlv lv jhqhudoo| dvvrfldwhg zlwk wkh uhvljqdwlrq ri Suhvlghqw Vxkduwr rq Pd| 54 dqg
wkh ehjlqqlqj ri wkh Uxvvldq fulvlv1

71415 D +vhohfwlyh, uhylhz ri hpslulfdo zrun

Lq wklv vxevhfwlrq/ zh r�hu d vhohfwlyh uhylhz ri hpslulfdo zrun rq wkh Dvldq fulvlv1 Lq sduwlfxodu/ zh gr qrw
frqvlghu wkh eurdghu olwhudwxuh zklfk kdv dqdo|}hg wkh Dvldq fulvlv lq sduw ri d odujhu vdpsoh lqfoxglqj rwkhu
fulvhv +Ph{lfr/ Uxvvld/ HUP/ 4<;5 ghew fulvlv, > vhh wkh �uvw vhfwlrq iru uhihuhqfhv1 Udwkhu zh frqfhqwudwh rq
wkh olwhudwxuh zklfk kdyh irfxvhg rq wkh Dvldq fulvlv1 Wkhuh duh txlwh vhqvleoh gl�huhqfhv zlwk rwkhu vwxglhv1

Iluvw/ lq wklv fdvh/ wkh fulvlv shulrg lv dozd|v gh�qhg rq d sulrul jurxqgv1 Edlj dqg Jrogimdq ^4<<<`
gh�qhv wkh fulvlv shulrg dv ehjlqqlqj iurp wkh gd| ri wkh edwk ghydoxdwlrq dqg h{whqglqj xs wr hqg Pd|/ 4<<;1
Ndplqvn| dqg Vfkpxnohu ^4<<<` uhwdlq wkh odujhu shulrg Mdqxdu| 4<<: � Pd| 4<<;1 Qdjd|dvx ^5333` vhohfw
wkh shulrg 4424824<<9 � 4526424<<;1 Txlwh vxusulvlqjo|/ Iruehv dqg Uljrerq ^5333` gh�qhv wkh wxuprlo
shulrg dv wkh prqwk iroorzlqj wkh Krqj Nrqj vwrfn pdunhw fudvk +Rfwrehu 4:/ 4<<:,1 Wklv fkrlfh lv prwlydwhg
e| wkhlu lpsuhvvlrq wkdw rfflghqwdo qhzvsdshuv glg qrw sd| dwwhqwlrq wr wkh Vrxwkhdvw Dvld hyhqwv ehiruh wklv
gdwh4;1 Lq wklv sdshu/ zh fkrrvh/ lq olqh zlwk wkh suhylrxv fkurqrorj|/ wr gh�qh wkh fulvlv shulrg lq wkh vdph
zd| dv Edlj dqg Jrogimdq1

Vhfrqg/ lq gl�huhqfh zlwk surelw prghov/ wkhvh vwxglhv gr qrw lqwurgxfh pdfurhfrqrplf yduldeohv lq wkh
dqdo|vlv1 Wklv fkrlfh suhvhqwv wkh dgydqwdjh wkdw lw ehfrphv srvvleoh wr xvh kljkhu iuhtxhqf| gdwd +gdlo| udwkhu
wkdq prqwko|,1 Lq wklv zd|/ lw lv srvvleoh wr lghqwli| pruh suhflvho| wkh uhodwlrqvkls ehwzhhq gl�huhqw pdunhwv
vlqfh/ lq jhqhudo/ lqirupdwlrq surfhhgv yhu| idvw dqg frqwdjlrq rshudwhv lq krxuv udwkhu wkdq lq txduwhuv1 Rq
wkh rwkhu zd| urxqg/ wklv fkrlfh suhvhqwv wkh glvdgydqwdjh wkdw lw fdq eh plvohdglqj wr dqdo|}h vwrfn pdunhwv ru
h{fkdqjh udwhv uhwxuqv zlwkrxw sd|lqj dwwhqwlrq wr wkh hyroxwlrq ri ixqgdphqwdov1 Lqghhg/ lw ehfrphv gl!fxow
wr glvwlqjxlvk li vlpxowdqhrxv sulfh pryhphqwv frph iurp ixqgdphqwdo uhdvrqv ru iurp sxuh frqwdjlrq1 Idfhg
zlwk wklv glohppd/ Ndplqvn| dqg Vfkpxnohu ^4<<;` dqg Edlj dqg Jrogidmq ^4<<<` sursrvh wr dssur{lpdwh
pryhphqwv lq ixqgdphqwdov e| frqvwuxfwlqj gxpp| yduldeohv iurp qhzv uhsruwhg lq wkh suhvv ru lq frqwlqxrxv
wlph lqirupdwlrq djhqflhv +vxfk dv Uhxwhuv ru Eorrpehuj,1 Wkhvh gxpplhv duh fodvvl�hg lq �edg� ru �jrrg�
qhzv dqg glvwlqjxlvkhg dv �orfdo� qhzv ru �lqwhuqdwlrqdo� qhzv1 Lq wklv sdshu/ zkloh rxu sulpdu| remhfwlyh lv
phwkrgrorjlfdo/ zh dsso| rxu phwkrgv wr udz uhwxuqv dqg wr �qhzv �owhuhg� uhwxuqv1

Zh fdq qrz vxppdul}h wkh hduolhu hpslulfdo �qglqjv1 Ndplqvn| dqg Vfkpxnohu ^4<<;` vkrz/ yld uhjuhv0
vlrq phwkrgv/ wkdw vrph ri wkh pdunhw mlwwhuv fdqqrw eh h{sodlqhg e| dq| dssduhqw vxevwdqwldo qhzv exw vhhp wr
eh gulyhq e| khug ehkdylru1 Pruhryhu lqyhvwruv whqg wr ryhuuhdfw wr �edg� qhzv1 Wkh vdph nlqg ri frqfoxvlrq
lv gudzq e| Edlj dqg Jrogidmq ^4<<<` xvlqj furvv0frxqwu| fruuhodwlrqv ru Fhuud dqg Vd{hqd ^5333` xvlqj d
Pdunry vzlwfklqj prgho1 Pruh jhqhudoo|/ wkh idfw wkdw frpryhphqwv lq Dvldq �qdqfldo pdunhwv gxulqj wkh fulvlv
fdqqrw hqwluho| dwwulexwhg wr �ixqgdphqwdov� kdv ehhq xqghuolqhg e| qxpehuv ri uhvhdufkhuv1 Iru h{dpsoh/ vrph
kdyh qrwhg wkdw wudgh olqndjhv fdqqrw kdyh d elj lpsdfw lq h{sodlqlqj vslooryhuv h�hfwv vlqfh wkh wudgh olqndjhv

4;Krzhyhu/ Iruehv dqg Uljrerq ^5333` surfhhgv wr vhqvlwlylw| dqdo|vlv e| prgli|lqj shulrgv gh�qlwlrqv1
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ehwzhhq Vrxwkhdvw Dvldq frxqwulhv zhuh rqo| prghvw4<1 Lq wkh vdph zd|/ wkh dssuhfldwlrq ri wkh groodu djdlqvw
wkh |hq suhgdwhv wkh fulvlv e| dw ohdvw d |hdu +Pdvvrq ^5333`, dqg vrph hvwlpdwhv +vhh h1j1 Fklqq ^4<<:`,
frqwudglfw wkh lghd wkdw wkh frqfhuqhg fxuuhqflhv +h{shfw Wkdlodqg, zhuh ryhuydoxdwhg1 Pruh ghwdlohg uhvxowv
duh ixuqlvkhg e| Qdjd|vx ^5333` zkr frq�upv wkh hylghqfh wkdw wkh xszdug suhvvxuh rq h{fkdqjh udwhv zdv
hvvhqwldoo| fdxvhg e| vhfwrudo lqglfhv +dqg sduwlfxoduo| wkrvh ri edqnlqj dqg �qdqfldo vhfwruv, ru e| Edlj dqg
Jrogidmq ^4<<<` zkr vkrz wkdw frqwdjlrq rshudwhg pruh vhqvleo| lq fxuuhqf| pdunhwv wkdq lq vwrfn pdunhwv1

Qhduhu wr rxu frqfhuqv lq wklv sdshu/ Iruehv dqg Uljrerq ^5333` fkdoohqjh wkh uhvxow wkdw furvv0frxqwu|
fruuhodwlrqv kdyh vljql�fdqwo| lqfuhdvh gxulqj wkh Vrxwkhdvw Dvldq wxuprlo dqg frqfoxgh wkdw wkhuh zdv qr
frqwdjlrq1 Lq wkhlu rslqlrq/ lw lv d idoodflrxv uhvxow zklfk glvdsshdu rqfh khwhurvnhgdvwlflw| lv wdnhq lqwr
dffrxqw1 Rq wkh rwkhu zd| urxqg/ Edlj dqg Jrogidmq ^4<<<` suhvhqw uhvxowv idyrudeohv wr wkh k|srwkhvlv ri
frqwdjlrq edvhg rq furvv0fruuhodwlrqv dgmxvwhg lq wkh zd| uhfrpphqghg e| Iruehv dqg Uljrerq +vhh ehorz, 1
Fohduo|/ wkh txhvwlrq wkdw wkhuh zdv sxuh frqwdjlrq uhpdlqv rshq1 Lq wkh uhvw ri wklv sdshu/ zh wu| wr r�hu dq
dqvzhu rq vxfk d txhvwlrq/ uho|lqj rq d urexvw +dqg qhz lq wklv frqwh{w, vwdwlvwlfdo iudphzrun1

715 Hpslulfdo uhvxowv

Lq wklv vxevhfwlrq/ zh sursrvh dq dssolfdwlrq ri frsxodv wr wkh dqdo|vlv ri wkh Dvldq fulvlv1 Lw lv edvhg rq
d uhdvvhvvhphqw ri Edlj dqg Jrogimdq ^4<<;` uhvxowv/ sduwlfxoduo| wkrvh frpsdulqj d fulvlv shulrg gh�qhg
ehwzhhq 3:23424<<: dqg 3824;24<<; dqg d qrupdo shulrg gh�qhg ehwzhhq 3423424<<8 dqg 4526424<<91 Wkhlu
dqdo|vlv lv edvhg rq wkh gdlo| uhwxuqv ri vwrfn lqgh{hv/ h{fkdqjh udwhv/ lqwhuhvw udwhv dqg vryhuhljq vsuhdgv iru
wkh �yh frxqwulhv zklfk zhuh pruh vhyhuho| e| wkh fulvlv= Lqgrqhvld/ Nruhd/ Pdod|vld/ Sklolsslqhv dqg Wkdlodqg1
Ixuwkhupruh/ wkh| lqyhvwljdwh zkhwkhu wkhlu uhvxowv duh vhqvleoh wr frqglwlrqqlqj rq ixqgdphqwdov zklfk duh
phdvxuhg dv edg ru jrrg qhzv +rq wkh edvlv ri Eorrpehuj uhsruwv,531

Zh ehjlq zlwk d vkruw uhfdoo ri Edlj dqg Jrogimdq uhvxowv1 Wkh| suhvhqw fruuhodwlrq pdwulfhv iru zkroh uhwxuqv
zkhuh wkh fruuhodwlrq frh!flhqw � lv frpsxwhg wdnlqj lqwr dffrxqw wkh fkdqjh lq yrodwlolw| +l1h1 khwhurvnhgdvwlf0
lw|,1 Zkloh wkh| uhihu wr wkh dgmxvwhphqw sursrvhg e| Iruehv dqg Uljrerq ^4<<<`/ wkh| gr qrw h{solflwo| xvh
lw1 Wkh dgmxvwhphqw sursrvhg e| Iruehv dqg Uljrerq jlyhv wkh iroorzlqj hvwlpdwh ri wkh fruuhodwlrq frh!flhqw

�� @
�s

4 . � +4� �5,
+:5,

zkhuh � lv wkh wkh vwdqgdug fruuhodwlrq frh!flhqw dqg � lv wkh uhodwlyh lqfuhdvh lq wkh frqglwlrqdo yduldqfh lq wkh
fulvlv frxqwu|54 1 Rq wkh frqwudu|/ Edlj dqg Jrogimdq xvh d Ilvkhu wudqvirupdwlrq ri wkhlu gdwd exw lw lv qrw fohdu
zk| vxfk d wudqvirupdwlrq doorzv wkhp wr dgmxvw iru wkh khwhurvnhgdvwlflw| eldv1 Dv zh vkrz ehorz/ wkh fkrlfh
ri wkh dgmxvwhphqw kdv vhqvleoh frqvhtxhqfhv iru wkh uhvxowv1 Pruhryhu/ wkhlu phwkrg grhv qrw doorz wr hvwlpdwh
dq dgmxvwhg fruuhodwlrq frh!flhqw/ rqo| wr frpsxwh dq khwhurvfhgdvwlf frqvlvwhqw w0whvw1 Lq wkh iroorzlqj wdeohv/
zh dovr uhsruw w0whvwv exw edvhg rq wkh Iruehv dqg Uljrerq dgmxvwhg frh!flhqwv1

Wkh uhvxowv55 duh uhsruwhg lq wdeohv 8 wr 431 Wkuhh jhqhudo uhpdunv fdq eh jlyhq1

� Iluvw/ lw dsshduv wkdw wkh lqfuhdvh lq fruuhodwlrq frh!flhqwv kdv ehhq pruh vhqvleoh lq h{fkdqjh udwh uhwxuqv
dqg lq vwrfn h{fkdqjh uhwxuqv wkdq lq lqwhuhvw udwhv1

4<Wkh vdph dujxphqw fdq eh dssolhg wr lqgluhfw frpshwlwlrq vlqfh wkh Vrxwkhdvw Dvldq frxqwulhv gr qrw vkduh yhu| vlplodu
wklug0frxqwu| h{sruw sur�ohv1

53Wkh gdwdedvh fdq eh grzqordghg iurp wkh LPI zhevlwh zlwk wkh duwlfoh1 Wkh qhzv fkurqrorj| fdq eh irxqg lq dq dsshqgl{ ri
wkh zrunlqj sdshu yhuvlrq ri wkh duwlfoh +dovr grzqordgdeoh iurp wkh LPI zhevlwh,1

54Wklv dgmxvwhphqw qhhgv wr suh0ghwhuplqh wkh fulvlv frxqwu|1 Lq wkh iroorzlqj wdeohv zkhuh zh frpsxwh sdluzlvh fruuhodwlrqv/ zh
dvvxph wkdw wkh fulvlv frxqwu| lv wkh rqh lq zklfk wkh lqfuhdvh lq uhodwlyh yrodwlolw| lv wkh juhdwhvw1 Krzhyhu/ wkh pdlq frqfoxvlrqv
duh qrw vhqvleoh wr wklv fkrlfh1

55Zkloh qrw uhsruwhg khuh wr vdyh vsdfh/ zh kdyh grqh wkh vdph h{huflfh iru uhvlgxdo fruuhodwlrqv +l1h1 uhvlgxdov ri d uhjuhvvlrq ri
uhwxuqv rq qhzv gxpplhv/ |hq2groodu h{fkdqjh udwh uhwxuqv dqg XV vwrfn h{fkdqjh uhwxuqv> vhh Edlj dqg Jrogimdq,1 Wkh frqfoxvlrqv
duh lghqwlfdoo| wkh vdphv1
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Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld 4 �3=366 3=359 3=397 3=399
Nruhd 4 3=377 3=348 �3=345
Pdod|vld 4 �3=376 3=449
Sklolsslqhv 4 �3=359
Wkdlodqg 4

Wdeoh 8= H{fkdqjh udwh uhwxuqv +qrq0fulvlv shulrg,

Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld 3=576��� 3=659��� 3=437 3=5<5���

Nruhd 3=33< 3=37< 3=37; 3=469���

Pdod|vld 3=346 3=337 3=5::��� 3=6:<���

Sklolsslqhv 3=337 3=337 3=365��� 3=3<7���

Wkdlodqg 3=344 3=33; 3=357 3=339
� :39=8 479=3 ;3=4 56=< 5<9=8

Wdeoh 9= H{fkdqjh udwh uhwxuqv +fulvlv shulrg,

Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld 4 �3=347 3=66; 3=757 3=647
Nruhd 4 3=37< 3=36< 3=356
Pdod|vld 4 3=6;9 3=736
Sklolsslqhv 4 3=637
Wkdlodqg 4

Wdeoh := Vwrfn h{fkdqjh uhwxuqv +qrq0fulvlv shulrg,

Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld 3=43;��� 3=79<��� 3=75; 3=6:8�

Nruhd 3=368 3=598��� 3=467�� 3=53;���

Pdod|vld 3=49; 3=3;< 3=759 3=743
Sklolsslqhv 3=483 3=383 3=484 3=6<7���

Wkdlodqg 3=45; 3=3:;� 3=478 3=4;4
� ;=:8 9=67 ;=79 7=78 6=65

Wdeoh ;= Vwrfn h{fkdqjh uhwxuqv +fulvlv shulrg,

Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld 4 �3=494 �3=499 3=3<4 �3=3:4
Nruhd 4 �3=457 �3=43: 3=6:7
Pdod|vld 4 3=395 �3=573
Sklolsslqhv 4 3=468
Wkdlodqg 4

Wdeoh <= Lqwhuhvw udwhv +qrq0fulvlv shulrg,
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Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld 3=6<5 3=3;< �3=4<8 3=683
Nruhd 3=394 3=785 �3=669 3=754
Pdod|vld 3=346 3=494 �3=3;4 3=5:7
Sklolsslqhv �3=3:: �3=47: �3=364 �3=584
Wkdlodqg 3=386 3=4<3 3=3<4 �3=596
� 7:=;9 7=:; ;=9; 8=:3 �3=43

Wdeoh 43= Lqwhuhvw udwhv +fulvlv shulrg,

� Vhfrqg/ zh fdq revhuyh wkdw wkh lqfuhdvh lq yrodwlolw| +vhh �, lv lpsuhvvlyh lq wkh fdvh ri wkh h{fkdqjh udwhv
+ylv0ã0ylv wkh XVG, zkhuh wkh rqh gd| yrodwlolw| kdv ehhq pxowlsolhg e| d idfwru ehwzhhq 53 +iru Sklolsslqhv,
dqg :33 +iru Lqgrqhvld,$ Wklv uhvxow lv qrw vxusulvlqj vlqfh ehiruh wkh fulvlv/ prvw ri wkh frqfhuqhg frxqwulhv
kdg dgrswhg d shj edvhg rq wkh groodu1 Wklv lqfuhdvh lv dovr vhqvleoh iru vwrfn h{fkdqjh uhwxuqv dqg lqwhuhvw
udwh exw lq orzhu sursruwlrqv1

� Wklug/ wdnlqj dffrxqw wkh wzr suhylrxv idfwv/ zh fdq ghgxfh wkdw wkh uhvxowv zlwk fruuhodwlrq frh!flhqwv
uhdoo| ghshqg zkhwkhu zh dgmxvw iru khwhurvnhgdvwlflw| ru qrw561 Li zh grq*w dgmxvw dv lq wkh xsshu sduw ri
wdeohv 9/ ; dqg 43/ zh ghgxfh wkdw wkhuh zdv d vljql�fdqw lqfuhdvh +dw wkh 43( ohyho, lq fruuhodwlrq +dqg wkxv
frqwdjlrq, lq :3( ri fdvhv iru h{fkdqjh udwh dqg vwrfn h{fkdqjh uhwxuqv1 Li zh dgmxvw +orzhu sduw ri wdeohv,/
zh frqfoxgh wkhuh zdv frqwdjlrq lq rqo| rqh fdvh dprqj whq iru h{fkdqjh udwh +Sklolsslqhv2Pdod|vld, dqg
vwrfn h{fkdqjh +Nruhd2Wkdlodqg, uhwxuqv1 Wkhvh uhvxowv duh dw yduldqfh zlwk wkrvh ri Edlj dqg Jrogimdq
zkr frqfoxgh wkdw frqwdjlrq vljql�fdqwo| rffxuuhg iru doo sdluv iru fxuuhqf| pdunhwv dqg lq 93( ri doo
sdluv iru vwrfn h{fkdqjh pdunhwv1

Zkloh xqdgmxvwhg uhvxowv zrxog vhhp wrr rswlplvwlf iru wkh frqwdjlrq k|srwkhvlv/ zh fdq vlpxowdqhrxvo| eh
txlwh vnhswlfdo zlwk wkh dmxvwhg uhvxowv1 Lqghhg/ wkh fruuhfwlrq sursrvhg e| Iruehv dqg Uljrerq vhhpv ghulyhg
xqghu wrr vshfl�f k|srwkhvlv wr eh dssolfdeoh wr doo sureohpv1 Lq idfh ri wklv glohppd/ lw vhhpv lqwhuhvwlqj wr
dqdo|}h wkh Dvldq fulvlv rq wkh edvlv ri d pruh jhqhudo iudphzrun1

Li zh frpsduh wkh hpslulfdo glvwulexwlrqv gxulqj wkh qrq0fulvlv shulrg dqg wkh fulvlv shulrg/ lw lv fohdu wkdw
wkh| duh gl�huhqw1 Iru h{dpsoh/ zh kdyh uhsruwhg57 wkhvh ri wkh h{fkdqjh udwh uhwxuqv iru Lqgrqhvld dqg Nruhd lq
�jxuh 541 Lw lv reylrxv wkdw wkh wzr elyduldwh glvwulexwlrqv fdq qrw eh frpsduhg/ dqg lw lv wkhq yhu| gdqjhurxv
wr frpsduh wkh ghshqghqfh xvlqj wkh ixoo glvwulexwlrqv1 Ohw I+4, +{4> {5, @ F+4,

�
I
+4,
4 +{4, >I

+4,
5 +{5,

�
dqg

I+5, +{4> {5, @ F+5,
�
I
+5,
4 +{4, >I

+5,
5 +{5,

�
eh wkh elyduldwh glvwulexwlrqv iru wkh qrq0fulvlv dqg fulvlv shulrgv1 Lq

�jxuh 54/ zh uhpdun wkdw wkh pdujlqdov kdyh fkdqjhg gudpdwlfdoo| ehwzhhq wkh wzr shulrgv1 Vr/ zh fdq revhuyh
d prgl�fdwlrq ri wkh fruuhodwlrq zlwkrxw qhfhvvdulo| d prgl�fdwlrq ri wkh frsxod1

Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld �3=377 3=384 3=33< 3=3;5
Nruhd 3=54<��� 3=35; 3=399 3=357
Pdod|vld 3=784��� 3=44: �3=38; 3=47<
Sklolsslqhv 3=3<3 3=4<<� 3=4;8��� 3=338
Wkdlodqg 3=647��� 3=44; 3=697��� 3=38:

Wdeoh 44= H{fkdqjh udwh uhwxuqv

56Xqdgmxvwhg fruuhodwlrq frh!flhqwv duh lq wkh xsshu sduw ri wkh pdwul{1 Dgmxvwhg fruuhodwlrq frh!flhqwv +yld Iruehv dqg
Uljrerq ^5333`, duh lq wkh orzhu sduw ri wkh pdwul{1 W/ WW dqg WWW ghqrwh uhmhfwlrq ri wkh qxoo k|srwkhvlv ri qr0fkdqjh +ru
ghfuhdvh, lq fruuhodwlrq frh!flhqwv dw wkh 43(/ 8( dqg 4( ohyhov uhvshfwlyho|1 B lv wkh uhodwlyh lqfuhdvh lq yduldqfh ri wkh uhwxuqv1

57Wkh hpslulfdo glvwulexwlrqv kdyh ehhq hvwlpdwhg xvlqj d Nhuqho phwkrg zlwk dq Hsdqhfkqlnry zlqgrz1
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Iljxuh 54= Hpslulfdo glvwulexwlrqv ri h{fkdqjh udwh uhwxuqv

Iljxuh 55= Frpsdulvrq ri hpslulfdo ghshqghqfh ri h{fkdqjh udwh uhwxuqv
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Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld �3=35; 3=678 3=738 3=65;
Nruhd 3=3<7� 3=35: 3=359 3=357
Pdod|vld 3=6:7 3=54<��� 3=669 3=66:
Sklolsslqhv 3=6<7 3=438 3=747 3=5:8
Wkdlodqg 3=664 3=579��� 3=65< 3=566

Wdeoh 45= Vwrfn h{fkdqjh uhwxuqv

Lqgrqhvld Nruhd Pdod|vld Sklolsslqhv Wkdlodqg
Lqgrqhvld �3=4:< �3=477 3=33: �3=374
Nruhd 3=873��� �3=466 �3=563 3=746
Pdod|vld 3=6;<��� 3=:6:��� 3=664 �3=5:5
Sklolsslqhv �3=3<3 �3=6:: �3=3<; �3=34:
Wkdlodqg 3=795��� 3=6:9 3=6:6��� �3=58<

Wdeoh 46= Lqwhuhvw udwhv

Iljxuh 55 uhsuhvhqwv srlqwzlvh frqfrugdqfh frpsdulvrq ri wkh ghshqghqfh ixqfwlrqv ri h{fkdqjh udwh uhwxuqv
iru Lqgrqhvld dqg Nruhd ehwzhhq wkh wzr shulrgv1 Lq prvw fdvhv/ zh gr qrw revhuyh wkdw rqh frsxod lv pxfk odujhu
wkdq wkh rwkhu1 Zh fdq wkhq xvh d v|qwkhwlf phdvxuh ri frqfrugdqfh/ olnh wkh Vshdupdq*v ukr zklfk lv pruh
dssursuldwh wkdq wkh Shduvrq fruuhodwlrq wr frpsduh wkh ghshqghqfh ixqfwlrqv1 Zh uhfdoo wkdw lwv gh�qlwlrq lv

( @ 45

]]
L5

x4x5 gF +x4> x5,� 6 +:6,

Dv h{sodlqhg e| Qhovhq ^4<<;`/ Vshdupdq*v ukr lv lghqwlfdo wr wkh fruuhodwlrq frh!flhqw iru wkh lqwhjudo wudqv0
irupv X4 @ I4 +[4, dqg X5 @ I5 +[5,1 Zh kdyh uhsruwhg wkh hvwlpdwhv lq wdeohv 44 wr 461 Wkh xsshu sduw
fruuhvsrqgv wr wkh qrq0fulvlv shulrg zkhuhdv wkh orzhu sduw uhsuhvhqwv wkh fulvlv shulrg1 Ohw xv ghqrwh (+4,

dqg (+5, wkh Vshdupdq*v ukr ri wkh qrq0fulvlv shulrg dqg wkh fulvlv shulrg1 Zh kdyh whvwhg wkh qxoo k|srwkhvlv
(+4, @ (+5, yhuvxv wkh dowhuqdwlyh k|srwkhvlv (+4, 9@ (+5,1 Uhvxowv duh uhsruwhg rq wkh orzhu sduw ri wkh wdeohv58 1
Wkh| duh yhu| gl�huhqw ri wkhvh rewdlqhg suhylrxvo| zlwk wkh Shduvrq fruuhodwlrq1 Zh revhuyh vljql�fdqwo| dq
lqfuhdvh lq 93( ri wkh fdvhv iru wkh h{fkdqjh udwhv dqg lq 63( ri wkh fdvhv iru wkh vwrfn h{fkdqjh1 Wkhvh uhvxowv
jlyh pruh hylghqfh iru wkh frqwdjlrq k|srwkhvlv wkdq wkhvh ri Edlj dqg Jrogimdq ^4<<<`1

Iljxuh 56 uhsuhvhqwv wkh txdqwloh uhjuhvvlrqv iru h{fkdqjh udwh uhwxuqv iru Lqgrqhvld dqg Nruhd ehwzhhq
wkh wzr shulrgv1 Wkh erwwrp judskv jlyh txdqwloh uhjuhvvlrqv hvwlpdwhg lq wkh xvxdo zd| zklfk duh lpsolflw|
wdnlqj lqwr dffrxqw wkh pdujlqdov1 Rq wkh frqwudu|/ wkh wrs judskv duh rqo| edvhg rq wkh ghshqghqfh ixqfwlrq
+dvvxplqj wkdw d Qrupdo frsxod, dqg/ wkxv/ duh qrw d�hfwhg e| wkh pdujlqdov1 Zh fdq vhh wkdw wkhuh h{lvwv/ iru
d jlyhq txdqwloh/ vrph qrwdeoh gl�huhqfhv ehwzhhq wkh wzr phwkrgv1 Krzhyhu/ eurdgo| vshdnlqj/ erwk phwkrgv
frqfoxgh wkhuh zdv dq lqfuhdvh lq wkh �ghshqghqfh� ri wkh h{fkdqjh udwh uhwxuqv ehwzhhq wkh wzr shulrgv +wkh
vorshv ri wkh fxuyhv lqfuhdvh,/ dqg wkxv frqwdjlrq1 Wkh fdvh ri Lqgrqhvld dqg Pdod|vld lv uhsuhvhqwhg lq �jxuh
571 Zh uhpdun wkdw frqfoxvlrq lv qrw reylrxv li zh wdnh dffrxqw lqwr pdujlqdov1 Lq wklv fdvh/ wkh txdqwloh
uhjuhvvlrqv lq wkh xqlw vtxduh jlyh pruh hylghqw uhvxowv1 Wr �qlvk wklv dssolfdwlrq/ qrwh wkdw zh fdq revhuyh ri
frxuvh vrph eldv li zh dvvxph olqhdulw| ehwzhhq udqgrp yduldeohv1 Iru h{dpsoh/ zh kdyh uhsruwhg lq �jxuh 58
wkh uhvxowv rewdlqhg zlwk wkh UT dojrulwkp +wrs judskv fruuhvsrqg wr wkh fdvh Lqgrqhvld2Nruhd zkhuhdv erwwrp
judskv fruuhvsrqg wr wkh fdvh Lqgrqhvld2Pdod|vld,1 Wkh| duh yhu| gl�huhqw iurp wkh rqhv ri wkh erwwrp judskv
lq �jxuhv 56 dqg 571

58 W/ WW dqg WWW ghqrwh uhmhfwlrq ri wkh qxoo k|srwkhvlv ri qr0fkdqjh +ru ghfuhdvh, lq fruuhodwlrq frh!flhqwv dw wkh 43(/ 8( dqg
4( ohyhov uhvshfwlyho|1
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Iljxuh 56= Txdqwloh uhjuhvvlrqv ri h{fkdqjh udwh uhwxuqv iru Lqgrqhvld2Nruhd

Iljxuh 57= Txdqwloh uhjuhvvlrqv ri h{fkdqjh udwh uhwxuqv iru Lqgrqhvld2Pdod|vld
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Iljxuh 58= Txdqwloh uhjuhvvlrqv ri h{fkdqjh udwh uhwxuqv zlwk wkh UT dojrulwkp

8 Frqfoxvlrq

Lq uhfhqw |hduv/ wkh lqwhuhvw lq ghshqghqfh kdv lqfuhdvhg lq wkh hfrqrplf dqg �qdqfldo olwhudwxuhv1 Dv zh kdyh
uhfdoohg/ prvw ri wkh vwdwlvwlfdo lqihuhqfh lq wklv vxemhfw lv edvhg rq vwdqgdug +Shduvrq, fruuhodwlrq frh!flhqwv
+ru vlplodu phdvxuhv,1 Krzhyhu/ zh kdyh vkrzq wkdw wkhvh wrrov duh qrw uholdeoh lq wklv frqwh{w dv wkh| jlyh
wrr pxfk lpsruwdqfh wr wkh pdujlqdo glvwulexwlrqv udwkhu wkdq frqfhqwudwlqj rq wkh ghshqghqfh ixqfwlrq1 Dv
dq dowhuqdwlyh/ wklv sdshu/ dv d ihz rwkhuv ehiruh/ kdv sursrvhg wr uhvruw rq frsxodv1 Lq wklv shuvshfwlyh/ zh
kdyh suhvhqwhg vhyhudo wrrov wr dqdo|}h wkh ghshqghqfh ehwzhhq �qdqfldo pdunhwv dqg zh kdyh sursrvhg wzr
dssolfdwlrqv1

Uhihuhqfhv

^4` Dkoxzdold/ S1 ^5333`/ Glvfulplqdwlqj frqwdjlrq= dq dowhuqdwlyh h{sodqdwlrq ri frqwdjlrxv fxuuhqf| fulvhv
lq hphujlqj pdunhwv/ LPI/ Zrunlqj Sdshu/ ZS233247

^5` Edlj/ W1 dqg L1 Jrogidmq ^4<<;`/ Ilqdqfldo pdunhw frqwdjlrq lq wkh Dvldq fulvlv/ LPI/ Zrunlqj Sdshuv/
ZS2<;2488

^6` Edlj/ W1 dqg L1 Jrogidmq ^4<<<`/ Ilqdqfldo pdunhw frqwdjlrq lq wkh Dvldq fulvlv/ LPI/ Vwd� Sdshuv/ 79/
49:04<8

^7` Ehqhµ/ Y1 dqg M1 �w�hsäq ^4<<:`/ Glvwulexwlrqv zlwk Jlyhq Pdujlqdov dqg Prphqw Sureohpv/ Noxzhu
Dfdghplf Sxeolvkhuv/ Gruguhfkw

^8` Ehuj/ D1 dqg F1 Sdwloor ^4<<<`/ Suhglfwlqj fxuuhqf| fulvhv= wkh lqglfdwruv dssurdfk dqg dq dowhuqdwlyh/
Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 4;/ 89408;9
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^9` Erx|ì/ H1/ Y1 Gxuuohpdq/ D1 Qlnhjkedol/ J1 Ulerxohw dqg W1 Urqfdool ^5333`/ Frsxodv iru �qdqfh
� D uhdglqj jxlgh dqg vrph dssolfdwlrqv/ Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Fuìglw O|rqqdlv/Zrunlqj
Sdshu

^:` Er|hu/ E1/ P1 Jlevrq dqg P1 Oruhwdq ^4<<<`/ Slwidoov lq whvwv iru fkdqjhv lq fruuhodwlrqv/ Erdug ri
Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ Lqwhuqdwlrqdo Ilqdqfh Glvfxvvlrq Sdshu/ 8<:

^;` Exvvlhuh/ P1 dqg F1 Pxoghu ^4<<<`/ H{whuqdo yxoqhudelolw| lq hphujlqj pdunhw hfrqrplhv= krz kljk
oltxlglw| fdq r�vhw zhdn ixqgdphqwdov dqg wkh h�hfwv ri frqwdjlrq/ LPI/ Zrunlqj Sdshu/ ZS2<<2;;

^<` Fdoyr/ J1 ^4<<9`/ Fdslwdo lq rzv dqg pdfurhfrqrplf pdqdjhphqw= Whtxlod ohvvrqv/ Lqwhuqdwlrqdo Mrxuqdo
ri Ilqdqfh dqg Hfrqrplfv/ 4/ 53:0556

^43` Fdoyr/ J1 ^4<<<`/ Frqwdjlrq lq hphujlqj pdunhwv/ Xqlyhuvlw| ri Pdu|odqg/ Zrunlqj Sdshu

^44` Fdsìudã/ S1/ D0O1 Irxjëuhv dqg F1 Jhqhvw ^5333`/ Elyduldwh glvwulexwlrqv zlwk jlyhq h{wuhph ydoxh
dwwudfwru/ Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ :5/ 6307<

^45` Fdudpd}}d/ I1/ O1 Ulffl dqg U1 Vdojdgr ^5333`/ Wudgh dqg �qdqfldo frqwdjlrq lq fxuuhqf| fulvhv/ LPI/
Zrunlqj Sdshu/ ZS233288

^46` Fhuud/ Y1 dqg V1 Vd{hqd ^5333`/ Frqwdjlrq/ prrqvrqv dqg grphvwlf wxuprlo lq Lqgrqhvld= d fdvh vwxg|
lq wkh Dvldq fxuuhqf| fulvlv/ LPI/ Zrunlqj Sdshu/ ZS233293

^47` Fklqq/ P1 ^4<<:`/ Ehiruh wkh idoo= zhuh Hdvw Dvldq fxuuhqflhv ryhuydoxhgB/ QEHU/ Zrunlqj Sdshu/ 97<4

^48` Fkrx/ U1/ Y1 Qj dqg O1 Sl ^4<<7`/ Frlqwhjudwlrq ri lqwhuqdwlrqdo vwrfn pdunhw lqglfhv/ LPI/ Zrunlqj
Sdshu/ ZS2<72<7

^49` Fodhvvhqv/ V1/ U1 Gruqexvk dqg \1 Sdun ^5333`/ Frqwdjlrq= krz lw vsuhdgv dqg krz lw fdq eh vwrsshgB/
Zruog Edqn/ Zrunlqj Sdshu

^4:` Frohv/ V1/ M1 Fxuulh dqg M1 Wdzq ^4<<<`/ Ghshqghqfh phdvxuhv iru h{wuhph ydoxh dqdo|vhv/ Ghsduwphqw
ri Pdwkhpdwlfv dqg Vwdwlvwlfv/ Odqfdvwhu Xqlyhuvlw|/ Zrunlqj Sdshu

^4;` Frohv/ V1/ dqg M1 Wdzq ^4<<4`/ Prghoolqj pxowlyduldwh h{wuhph hyhqwv/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo
Vrflhw|/ Vhulhv E 86/ 5/ 6::�6<51

^4<` Fxuulh/ M1H1 ^4<<<`/ Gluhfwru| ri frh!flhqwv ri wdlo ghshqghqfh/ Ghsduwphqw ri Pdwkhpdwlfv dqg Vwdwlvwlfv/
Odqfdvwhu Xqlyhuvlw|/ Whfkqlfdo Uhsruw/ VW0<<039

^53` Ghkhxyhov/ S1 ^4<:;`/ Fdudfwìulvdwlrq frpsoëwh ghv orlv h{wuíphv pxowlydulìhv hw gh od frqyhujhqfh ghv
w|shv h{wuíphv/ Sxeolfdwlrqv gh o*Lqvwlwxw gh Vwdwlvwltxh gh o*Xqlyhuvlwì gh Sdulv/ 56/ 4069

^54` Ghkhxyhov/ S1 ^4<:<`/ Od irqfwlrq gh gìshqgdqfh hpslultxh hw vhv sursulìwìv � Xq whvw qrq sdudpìwultxh
g*lqgìshqgdqfh/ Dfdgìplh Ur|doh gh Ehojltxh � Exoohwlq gh od Fodvvh ghv Vflhqfhv � 8h Vìulh/ 98/ 5:705<5

^55` Gxuuohpdq/ Y1/ D1 Qlnhjkedol dqg W1 Urqfdool ^5333`/ Zklfk frsxod lv wkh uljkw rqhB/ Jurxsh gh
Uhfkhufkh Rsìudwlrqqhooh/ Fuìglw O|rqqdlv/ Zrunlqj Sdshu

^56` Gxuuohpdq/ Y1/ D1 Qlnhjkedol dqg W1 Urqfdool ^5333`/ Frsxodv dssur{lpdwlrq dqg qhz idplolhv/
Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Fuìglw O|rqqdlv/ Zrunlqj Sdshu

^57` Gxuuohpdq/ Y1/ D1 Qlnhjkedol dqg W1 Urqfdool ^5333`/ D qrwh rq wkh frqmhfwxuh rq Vshdupdq*v ukr
dqg Nhqgdoo*v wdx/ Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Fuìglw O|rqqdlv/ Zrunlqj Sdshu

^58` Hgzdugv/ V1 ^4<<;`/ Lqwhuhvw udwh yrodwlolw|/ fdslwdo frqwurov dqg frqwdjlrq/ QEHU/ Zrunlqj Sdshu/ 9:89

^59` Hlfkhqjuhhq/ E1/ D1 Urvh dqg F1 Z|vsorv} ^4<<:`/ Frqwdjlrxv fxuuhqf| fulvhv/ FHSU/ Zrunlqj Sdshu
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^5:` Hpeuhfkwv/ S1/ No sshoehuj/ F1 dqg W1 Plnrvfk ^4<<:`/ Prghoolqj H{wuhpdo Hyhqwv iru Lqvxudqfh dqg
Ilqdqfh/ Vsulqjhu0Yhuodj/ Ehuolq

^5;` Hpeuhfkwv/ S1/ PfQhlo/ D1M1 dqg G1 Vwudxpdqq ^4<<<`/ Fruuhodwlrq dqg ghshqghqf| lq ulvn pdqdjh0
phqw = surshuwlhv dqg slwidoov/ Ghsduwhphqw ri Pdwkhpdwln/ HWK]/ ] ulfk/ Zrunlqj Sdshu

^5<` Iruehv/ N1 dqg U1 Uljrerq ^4<<<`/ Phdvxulqj frqwdjlrq= frqfhswxdo dqg hpslulfdo lvvxhv/ Pdvvdfkxvhwwv
Lqvwlwxwh ri Whfkqrorj|/ Vordq Vfkrro ri Pdqdjhphqw/ Zrunlqj Sdshu

^63` Iruehv/ N1 dqg U1 Uljrerq ^5333`/ Qr frqwdjlrq/ rqo| lqwhughshqghqfh/ Pdvvdfkxvhwwv Lqvwlwxwh ri
Whfkqrorj|/ Vordq Vfkrro ri Pdqdjhphqw/ Zrunlqj Sdshu

^64` Iudqnho/ M1 dqg D1 Urvh ^4<<9`/ Fxuuhqf| fudvkhv lq hphujlqj pdunhwv= dq hpslulfdo wuhdwphqw/ wh{0
wlwMrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 74/ 6840699

^65` Iuhhv/ H1Z1 dqg H1D1 Ydogh} ^4<<<`/ Xqghuvwdqglqj uhodwlrqvklsv xvlqj frsxodv/ Qruwk Dphulfdq Dfwx0
duldo Mrxuqdo/ 5/ 4058

^66` Jdodperv/ M1 ^4<:;`/ Wkh Dv|pswrwlf Wkhru| ri H{wuhph Rughu Vwdwlvwlfv/ Mrkq Zloh| ) Vrqv/ Qhz \run

^67` Jhuodfk/ V1 dqg I1 Vphwv ^4<<8`/ Frqwdjlrxv vshfxodwlyh dwwdfnv/ Hxurshdq Mrxuqdo ri Srolwlfdo Hfrqrp|/
44/ 78096

^68` Jolfn/ U1 dqg D1 Urvh ^4<<<`/ Frqwdjlrq dqg wudgh= zk| duh fxuuhqf| fulvhv uhjlrqdoB/ Mrxuqdo ri Lqwhu0
qdwlrqdo Prqh| dqg Ilqdqfh/ 4;/ 936094:

^69` Jrogvwhlq/ P1 ^4<<;`/ Wkh Dvldq �qdqfldo fulvlv= fdxvhv/ fxuhv dqg v|vwhplf lpsolfdwlrqv/ Lqvwlwxwh iru
Lqwhuqdwlrqdo Hfrqrplfv/ Srolf| Dqdo|vlv lq Lqwhuqdwlrqdo Hfrqrplfv/ 88

^6:` Judqjhu/ F1Z1M1 dqg F10\1 Vlq ^5333`/ Prghoolqj wkh devroxwh uhwxuqv ri gl�huhqw vwrfn lqglfhv = h{sorulqj
wkh iruhfdvwdelolw| ri dq dowhuqdwlyh phdvxuh ri ulvn/ Mrxuqdo ri Iruhfdvwlqj/ 4</ 5::05<;1

^6;` Kdpdr/ \1/ U1Pdvxolv dqg Y1 Qj ^4<<3`/ Fruuhodwlrqv lq sulfh fkdqjhv dqg yrodwlolw| dfurvv lqwhuqdwlrqdo
vwrfn pdunhwv/ Uhylhz ri Ilqdqfldo Vwxglhv/ 6/ 5;4063:

^6<` Lwr/ W1 dqg Z1 Olq ^4<<6`/ Sulfh yrodwlolw| dqg yroxph vslooryhuv ehwzhhq wkh Wrn|r dqg Qhz \run vwrfn
pdunhwv/ QEHU/ Zrunlqj Sdshu/ 78<5

^73` Mrh/ K1 ^4<<:`/ Pxowlyduldwh Prghov dqg Ghshqghqfh Frqfhswv/ Prqrjudskv rq Vwdwlvwlfv dqg Dssolhg
Suredelolw|/ :6/ Fkdspdqq ) Kdoo/ Orqgrq

^74` Ndplqvn|/ J1/ V1 Ol}rqgr dqg F1 Uhlqkduw ^4<<;`/ Ohdglqj lqglfdwruv ri fxuuhqf| fulvhv/ LPI/ Vwd�
Sdshuv/ 78/ 407;

^75` Ndplqvn|/ J1 dqg F1 Uhlqkduw ^4<<;`/ Rq fulvhv/ frqwdjlrq dqg frqixvlrq/ Xqlyhuvlw| ri Pdu|odqg/
Zrunlqj Sdshu1

^76` Ndplqvn|/ J1 dqg V1 Vfkpxnohu ^4<<<`/ Zkdw wuljjhuv pdunhw mlwwhuvB D fkurqlfoh ri wkh Dvldq fulvlv/
Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 4;/ 86:0893

^77` Nlphogrui/ J1 dqg D1 Vdpsvrq ^4<:8`/ Xqlirup uhsuhvhqwdwlrqv ri elyduldwh glvwulexwlrqv/ Frppxqlfd0
wlrqv lq Vwdwlvwlfv � Wkhru| dqg Phwkrgv/ 7/ 94:095:

^78` Nlqj/ P1 dqg V1 Zdgkzdql ^4<<3`/ Wudqvplvvlrq ri yrodwlolw| ehwzhhq vwrfn pdunhwv/ Uhylhz ri Ilqdqfldo
Vwxglhv/ 6/ 8066

^79` Nrguhv/ O1 dqg P1 Sulwvnhu ^4<<;`/ D udwlrqdo h{shfwdwlrqv prgho ri �qdqfldo frqwdjlrq/ Erdug ri
Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ Ilqdqfh dqg Hfrqrplfv Glvfxvvlrq Sdshu/ 7;
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^7:` Nrhqnhu/ U1 dqg J1 Edvvhw ^4<:;`/ Uhjuhvvlrq txdqwlohv/ Hfrqrphwulfd/ 79/ 66083

^7;` Nripdq/ S1 dqg P1 Pduwhqv ^4<<:`/ Lqwhudfwlrq ehwzhhq vwrfn pdunhwv = dq dqdo|vlv ri wkh frpprq
wudglqj krxuv dw wkh Orqgrq dqg Qhz \run vwrfn h{fkdqjh/ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/
49/ 6;:0747

^7<` Nuxjpdq/ S1 ^4<:<`/ D prgho ri edodqfh ri sd|phqwv fulvhv/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 44/
6440658

^83` Ohgirug/ D1Z1 dqg M1D1 Wdzq ^4<<9`/ Vwdwlvwlfv iru qhdu lqghshqghqfh lq pxowlyduldwh h{wuhph ydoxhv/
Elrphwulnd/ ;6/ 49<04;:

^84` Ol/ [1/ S1 Plnxvl�qvnl/ K1 Vkhuzrrg dqg P1G1 Wd|oru ^4<<:`/ Rq dssur{lpdwlrq ri frsxodv/ lq Y1
Ehqhµ dqg M1 �w�hsäq +Hgv1,/ Glvwulexwlrqv zlwk Jlyhq Pdujlqdov dqg Prphqw Sureohpv/ Noxzhu Dfdghplf
Sxeolvkhuv/ Gruguhfkw

^85` Olq/ Z1/ U1 Hqjoh dqg W1 Lwr ^4<<7`/ Gr exoov dqg ehduv pryh dfurvv erughuvB Lqwhuqdwlrqdo wudqvplvvlrq
ri vwrfn uhwxuqv dqg yrodwlolw|/ Uhylhz ri Ilqdqfldo Vwxglhv/ :/ 83:086;

^86` Orqjlq/ I1 dqg E1 Vroqln ^4<<8`/ Lv wkh fruuhodwlrq lq lqwhuqdwlrqdo htxlw| uhwxuqv frqvwdqw= 4<9304<<3B/
Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 47/ 6059

^87` Orqjlq/ I1 dqg E1 Vroqln ^5333`/ Fruuhodwlrq vwuxfwxuh ri lqwhuqdwlrqdo htxlw| pdunhwv gxulqj h{wuhpho|
yrodwloh shulrgv/ FHSU/ Glvfxvvlrq Sdshu/ 586;1

^88` Oruhwdq/ P1 dqg Z1E1 Hqjolvk ^5333`/ Hydoxdwlqj �fruuhodwlrq euhdngrzqv� gxulqj shulrgv ri pdunhw
yrodwlolw|/ Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ Lqwhuqdwlrqdo Ilqdqfh Glvfxvvlrq Sdshu/ 98;

^89` Pdvvrq/ S1 ^4<<;`/ Frqwdjlrq= prqvrrqdo h�hfwv/ vslooryhuv/ dqg mxpsv ehwzhhq pxowlsoh htxloleuld/ LPI/
Zrunlqj Sdshu

^8:` Pdvvrq/ S1 ^4<<<`/ Frqwdjlrq= pdfurhfrqrplf prghov zlwk pxowlsoh htxloleuld/ Mrxuqdo ri Lqwhuqdwlrqdo
Prqh| dqg Ilqdqfh/ 4;/ 8;:0935

^8;` Pdvvrq/ S1 ^5333`/ Pxowlsoh htxloleuld/ frqwdjlrq dqg hphujlqj pdunhwv fulvhv/ iruwkfrplqj lq U1 Jolfn/
U1 Pruhqr dqg P1 Vslhjho +hgv,/ Ilqdqfldo Fulvhv lq Hphujlqj Pdunhwv/ Fdpeulgjh Xqlyhuvlw| Suhvv

^8<` Plnxvl�qvnl/ S1/ K1 Vkhuzrrg dqg P1G1 Wd|oru ^4<<4`/ Suredelolvwlf lqwhusuhwdwlrqv ri frsxodv/ lq J1
Gdoo*Djolr/ V1 Nrw} dqg J1 Vdolqhwwl +Hgv1,/ Dgydqfhv lq Suredelolw| Glvwulexwlrqv zlwk Jlyhq Pdujlqdov
+Eh|rqg wkh Frsxodv,/ Noxzhu Dfdghplf Sxeolvkhuv/ Gruguhfkw

^93` Qdjd|dvx/ M1 ^5333`/ Fxuuhqf| fulvlv dqg frqwdjlrq= hylghqfh iurp h{fkdqjh udwhv dqg vhfwrudo vwrfn
lqglfhv ri wkh Sklolsslqhv dqg Wkdlodqg/ LPI/ Zrunlqj Sdshu/ ZS23326<

^94` Qhovhq/ U1E1 ^4<<;`/ Dq Lqwurgxfwlrq wr Frsxodv/ Ohfwxuhv Qrwhv lq Vwdwlvwlfv/ 46</ Vsulqjhu Yhuodj/ Qhz
\run

^95` Revwihog/ P1 ^4<;9`/ Udwlrqdo dqg vhoi0ixo�oolqj edodqfh ri sd|phqwv fulvhv/ Dphulfdq Hfrqrplf Uhylhz/
:9/ :50;4

^96` Sruwqr|/ V1 dqg U1 Nrhqnhu ^4<<:`/ Wkh Jdxvvldq kduh dqg wkh Odsodfhdq wruwrlvh= frpsxwdelolw| ri c4
yv c5 uhjuhvvlrq hvwlpdwruv/ Vwdwlvwlfdo Vflhqfh/ 45/ 5:<0633

^97` Udghohw/ V1 dqg M1 Vdfkv ^4<<;`/ Wkh rqvhw ri wkh Hdvw Dvldq �qdqfldo fulvlv/ Kduydug Lqvwlwxwh iru
Lqwhuqdwlrqdo Ghyhorsphqw/ Zrunlqj Sdshu

^98` Uìq|l/ D1 ^4<8<`/ Rq phdvxuhv ri ghshqghqfh/ Dfwd Pdwk1 Dfdg1 Vfl1 Kxqjdu/ 43/ 7740784
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^99` Urxelql/ Q1 ^4<<;`/ Fkurqrorj| ri wkh Dvldq fulvlv dqg lwv joredo frqwdjlrq/ dydlodeoh dw wkh xuo
kwws=22zzz1vwhuq1q|x1hgx2qurxelql

^9:` Vfduvlql/ P1 ^4<;7`/ Rq phdvxuhv ri frqfrugdqfh/ Vwrfkdvwlfd/ ;/ 534054;

^9;` Vfkzhl}hu/ E1 dqg H1 Zroii ^4<;4`/ Rq qrqsdudphwulf phdvxuhv ri ghshqghqfh iru udqgrp yduldeohv/
Dqqdov ri Vwdwlvwlfv/ </ ;:<0;;8

^9<` Vnodu/ D1 ^4<8<`/ Irqfwlrqv gh uhsduwlwlrq ã q glphqvlrqv hw ohxuv pdujhv/ Sxeolfdwlrqv gh o*Lqvwlwxw gh
Vwdwlvwltxh gh o*Xqlyhuvlwì gh Sdulv/ ;/ 55<0564

^:3` Vnodu/ D1 ^4<:6`/ Udqgrp yduldeohv/ mrlqw glvwulexwlrq ixqfwlrqv dqg frsxodv/ N|ehuqhwlnd/ </ 77<0793

^:4` Vw�dulf�d/ F1 ^4<<<`/ Pxowlyduldwh h{wuhphv iru prghov zlwk frqvwdqw frqglwlrqdo fruuhodwlrqv/ Mrxuqdo ri
Hpslulfdo Ilqdqfh/ 9/ 8480886

^:5` Vwudhwpdqv/ V1 ^4<<<`/ H{wuhph �qdqfldo uhwxuqv dqg wkhlu frpryhphqwv/ Hudvpxv Xqlyhuvlw| Urwwhugdp*v
Wkhvlv/ Wlqehujhq Lqvwlwxwh Uhvhdufk Vhulhv/ 4;4

^:6` Wdzq/ M1D1 ^4<;;`/ Elyduldwh h{wuhph ydoxh wkhru|= prghov dqg hvwlpdwlrq/ Elrphwulnd/ :8/ 6<:0748

^:7` Ydoghv/ U1 ^4<<9`/ Hphujlqj pdunhw frqwdjlrq= hylghqfh dqg wkhru|/ PLW/ Zrunlqj Sdshu

^:8` Zdqj/ V1V1 ^4<<<`/ Djjuhjdwlrq ri fruuhodwhg ulvn sruwirolrv= prghov ) dojrulwkpv/ FDV Frpplwwhh rq
Wkhru| ri Ulvn/ Suhsulqw

^:9` \x/ N1 dqg P1F1 Mrqhv ^4<<;`/ Orfdo olqhdu txdqwloh uhjuhvvlrq/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvr0
fldwlrq/ <6/ 55;056:

^::` \xq/ V1 ^4<<:`/ Rq grpdlqv ri dwwudfwlrq ri pxowlyduldwh h{wuhph ydoxh glvwulexwlrq xqghu devroxwh frqwl0
qxlw|/ Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 96/ 5::05<8
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